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Abstract
We construct a finite dimensional representation of the face type, i.e dynamical, elliptic
quantum group associated with ŝlN on the Gelfand-Tsetlin basis of the tensor product of
the n-vector representations. The result is described in a combinatorial way by using the
partitions of [1, n]. We find that the change of basis matrix from the standard to the Gelfand-
Tsetlin basis is given by a specialization of the elliptic weight function obtained in the
previous paper [33]. Identifying the elliptic weight functions with the elliptic stable envelopes
obtained by Aganagic and Okounkov, we show a correspondence of the Gelfand-Tsetlin
bases (resp. the standard bases) to the fixed point classes (resp. the stable classes) in the
equivariant elliptic cohomology ET (X) of the cotangent bundle X of the partial flag variety.
As a result we obtain a geometric representation of the elliptic quantum group on ET (X).
1 Introduction
It has long been conjectured that there is a parallelism between the infinite dimensional (quan-
tum) algebras and (equivariant) cohomology, K-theory, and elliptic cohomology [17, 19]. In
[16,39,40], finite-dimensional representations of symmetrizable Kac-Moody algebras g were con-
structed in terms of homology groups of quiver varieties. Their extension to the quantized
universal enveloping algebras Uq(g) and to their affinization were constructed on equivariant
K-theory of quiver varieties [18, 20, 39–41, 53, 55]. Note that Yangian Y (g) is obtained by re-
placing equivariant K-theory by equivariant homology [41, 54]. The basic tool in these works
are convolution operation and correspondences in homology and equivariant K-theory. See for
example [4]. However the elliptic case still remains conjecture.
Stable envelopes introduced by Maulik and Okoukov [35] are new tools to tackle this problem.
For a quiver variety X, stable envelope is a map from the equivariant cohomology of the torus
A-fixed point set XA to the equivariant cohomology of X. It was extended to equivariant K-
theory [43] and equivariant elliptic cohomology [1]. In terms of stable envelopes Maulik and
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Okoukov constructed rational R matrices geometrically and obtained a geometric realization of
the Yangian YQ associated with a quiver Q [35]. Such geometric construction of R matrices was
extended to the trigonometric [43] and the elliptic [1] cases. The stable envelopes also proved
to be useful in solving integrable systems [2, 35,49].
This new approach was enhanced by a discovery of a connection to the weight functions
appearing in the hypergeometric integral solutions to the difference KZ equations. Gorbounov,
Rima´nyi, Tarasov and Varchenko found an identification of rational weight functions with stable
envelopes for torus-equivariant cohomology of the partial flag variety T ∗Fλ [21] and extended
this to the trigonometric ones for the equivariant K-theory [44]. Furthermore they succeeded
to construct a geometric representation of the Yangian Y (glN ) [21] and the quantum affine
algebra Uq(ĝlN ) [44] on the equivariant cohomology and the equivariant K-theory, respectively.
In these works, a correspondence between finite-dimensional representations of quantum groups
on the Gelfand-Tsetlin basis of the tensor product of the vector representations and geometric
representations is a key to construction. Furthermore Felder, Rima´nyi and Varchenko [14]
proposed a geometric representation of the dynamical elliptic quantum group Eτ,y(gl2) by using
the ŝl2 type elliptic weight function obtained in [13,50].
The elliptic weight functions of type ŝlN were derived in the previous paper [33] by using
representation theory of the elliptic quantum group Uq,p(ŝlN ) [7, 24, 28, 29]. The Uq,p(ŝlN ) is a
Drinfeld realization of the dynamical elliptic quantum group and is isomorphic to the central
extension of Felder’s elliptic quantum group Eq,p(ŝlN ) [32]. Furthermore, in [33] their properties
such as triangularity, transition property, orthogonality, quasi-periodicity and shuffle algebra
structure were investigated. Comparing these properties with those of the elliptic stable en-
velopes in [1], we conjectured that the elliptic weight functions can be identified with the elliptic
stable envelopes. Some of similar but slightly different results were presented in [46].
The purpose of this paper is to formulate a geometric representation of the higher rank
dynamical elliptic quantum group associated with ŝlN . Constructing the Gelfand-Tsetlin ba-
sis of the tensor product of the n-vector representations explicitly (Theorem 4.5), we obtain
finite-dimensional representations of Eq,p(ĝlN ) on it. In particular, we obtain an action of the
half-currents of Eq,p(ĝlN ) and of the associated elliptic currents of Uq,p(ŝlN ) on the Gelfand-
Tsetlin basis (Theorem 4.7 and Corollary 4.8). The resultant representations are described in
a combinatorial way by using the partitions of [1, n]. It turns out that in the trigonometric
and non-dynamical limit their combinatorial structures coincide with those of Uq(ŝlN ) on the
equivariant K-theory obtained by Ginzburg and Vasserot [20,55] and by Nakajima [41].
We then lift these representations to the geometric ones by identifying the elliptic weight
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functions with the elliptic stable envelopes. We make a direct comparison of the elliptic weight
functions with the abelianization formula of the elliptic stable envelopes, which was obtained
by Shenfeld [48] in the rational case and extended to the elliptic case in [1]. We also obtain an
identification of certain specializations of the elliptic weight functions with the elliptic stable
envelops restricted to the torus fixed points. In this restriction, the stable envelopes play a
role of the change of basis matrix elements from the stable classes to the fixed point classes in
ET (T
∗Fλ). This allows us to define the fixed point classes in ET (T
∗Fλ) as transformations from
the stable classes.
We then find that this defining relation of the fixed point classes (5.15) is identical to the
change of basis relation from the standard basis to the Gelfand-Tsetlin basis (4.2). Then a
correspondence between the Gelfand-Tsetlin bases ( resp. the standard bases) and the fixed
point classes (resp. the stable classes) in ET (T
∗Fλ) yields a definition of the actions of the
half-currents of Eq,p(ĝlN ) and of the elliptic currents of Uq,p(ŝlN ) on the fixed point classes in
ET (T
∗Fλ), and provides a geometric representation of the elliptic quantum group on ET (T
∗Fλ)
(Theorem 5.1 and Corollary 5.2).
In [46], a similar formula for elliptic weight functions of type ŝlN and their triangularity and
the orthogonality properties are presented without derivation. There the triangular property
agrees with ours but the orthogonality property seems wrong due to a lack of the dynamical
shift. There are also no formulas for the shuffle algebra in [46]. In addition, it seems that
in [46] a different formulation of elliptic stable envelopes from the one in [1] is presented. The
relation between them is not clear for us. However, we would like to stress that in [14, 46]
there are neither statements on the definition of the fixed point classes in ET (T
∗Fλ) nor the
correspondence between the Gelfand-Tsetlin bases and the fixed point classes, which are the
keys to our results.
A part of the results has been presented at the workshops “Elliptic Hypergeometric Functions
in Combinatorics, Integrable Systems and Physics”, March 20-24, 2017, ESI, Vienna, “Topo-
logical Field Theories, String Theory and Matrix Models”, August 25-31, 2017, ITEP, Moscow,
Infinite Analysis 17 “Algebraic and Combinatorial Aspects in Integrable Systems”, December
4-7, 2017, Osaka City University, “Geometric R-Matrices: From Geometry to Probability”,
December 18-23, 2017, University of Melbourne, Creswick and at the MSJ Autumn meeting,
September 12, 2017, Yamagata University.
This paper is organized as follows. In Section 2 we prepare some notations including the
elliptic dynamical R matrices. We also provide defining relations of the elliptic quantum groups
Eq,p(ĝlN ) and Uq,p(ĝlN ), and their basic properties. Definition of the half-currents of Eq,p(ĝlN )
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and thier relationship to the elliptic currents of Uq,p(ĝlN ) are also exposed. Section 3 is devoted
to a summary of the properties of the elliptic weight functions obtained in [33], such as the
triangular property, transition property, orthogonality, quasi-periodicity and the shuffle alge-
bra structures. In Section 4, we discuss a construction of finite-dimensional representations of
Eq,p(ĝlN ) and Uq,p(ŝlN ) on the Gelfand-Tsetlin basis of the tensor product of the vector rep-
resentations. In particular we show that the change of basis matrix from the standard to the
Gelfand-Tsetlin basis is given by a specialization of the elliptic weight functions. In Section 5,
we discuss an identification between the elliptic weight functions and the elliptic stable envelopes
and give a geometric representation of Eq,p(ĝlN ) and Uq,p(ŝlN ) on ET (T
∗Fλ). In Appendix A
we summarize a co-algebra structure of Eq,p(ĝlN ) and Uq,p(ĝlN ). In Appendix B we present a
proof of our main Theorem 4.7. In Appendix C we present a direct check of Corollary 4.8 for
the relation (2.33).
2 Preliminaries
Through this paper we follow the notations in [33]. We here list the basic ones.
2.1 The commutative algebra H
• A = (aij) (i, j ∈ {0, 1, · · · , N − 1}) : the generalized Cartan matrix of ŝlN = ŝl(N,C) [25]
• h = h˜⊕ Cd, h˜ = h¯⊕ Cc, h¯ = ⊕N−1i=1 Chi : the Cartan subalgebra of ŝlN
• h∗ = h˜∗ ⊕ Cδ, h˜∗ = h¯∗ ⊕ CΛ0, h¯
∗ = ⊕N−1i=1 CΛ¯i : the dual space of h
• αi ∈ h¯
∗ (1 ≤ i ≤ N − 1) : simple roots such that < αi, hj >= aji
• Q = ⊕N−1i=1 Zαi : root lattice, P = ⊕
N−1
i=1 ZΛ¯i : weight lattice
Let {ǫj (1 ≤ j ≤ N)} be the orthonormal basis in R
N with the inner product (ǫj, ǫk) = δj,k.
We set ǫ¯j = ǫj −
∑N
k=1 ǫk/N (1 ≤ j ≤ N). Then we have a realization αi = ǫ¯i − ǫ¯i+1 and
Λ¯i = ǫ¯1 + · · · + ǫ¯i (1 ≤ i ≤ N − 1). For α ∈ h¯
∗ we define hα ∈ h¯ by < β, hα >= (β, α) ∀β ∈ h¯
∗.
We regard h¯⊕ h¯∗ as the Heisenberg algebra by
[hα, β] = (α, β), [hα, hβ ] = 0 = [α, β] α, β ∈ h¯
∗. (2.1)
Similarly,
• {Pα, Qβ} (α, β ∈ h¯
∗) : the Heisenberg algebra defined by
[Pα, Qβ] = (α, β), [Pα, Pβ ] = 0 = [Qα, Qβ ], (2.2)
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Then we define
• H =
∑N
j=1C(P + h)ǫ¯j +
∑N
j=1CPǫ¯j +Cc, where (P + h)ǫ¯j is an abbreviation of Pǫ¯j + hǫ¯j .
• H∗ = h˜∗ ⊕Nj=1 CQǫ¯j : the dual space of H with paring < Λ0, c >= 1, < Λ¯i, hj >= δi,j,
< Qα, Pβ >= (α, β) and the others vanish.
• F =MH∗ : the field of meromorphic functions on H
∗.
2.2 q-integers, infinite products and theta functions
Let q be generic complex numbers satisfying |q| < 1.
[n]q =
qn − q−n
q − q−1
,
(x; q)∞ =
∞∏
n=0
(1− xqn), (x; q, t)∞ =
∞∏
n,m=0
(1− xqntm).
Let r be a generic positive real number and set p = q2r. We use the following Jacobi’s odd theta
functions.
[u] = q
u2
r
−uΘp(z), Θp(z) = (z; p)∞(p/z; p)∞(p; p)∞ (2.3)
[u+ r] = −[u], [u+ rτ ] = −e−πiτe−2πiu/r[u], (2.4)
where z = q2u, p = e−2πi/τ . For k ∈ R, we also need the theta function [u]∗ whose elliptic nome
is given by p∗ = q2r
∗
, r∗ = r − k. We assume r∗ > 0.
[u]∗ = q
u2
r∗
−uΘp∗(z).
2.3 The elliptic dynamical R-matrix of the ŝlN type
Let V̂ = ⊕Nµ=1Fvµ be the N -dimensional vector space over F. The elliptic dynamical R-matrix
R±(z1/z2,Π) ∈ EndC(V̂ ⊗ V̂ ) of type ŝlN is given by
R±(z,Π) = ρ±(z)R¯(z,Π), (2.5)
R¯(z,Π) =
N∑
j=1
Ej,j ⊗ Ej,j +
∑
1≤j1<j2≤N
(
b(u, (P + h)j1,j2)Ej1,j1 ⊗ Ej2,j2 + b¯(u)Ej2,j2 ⊗ Ej1,j1
+c(u, (P + h)j1,j2)Ej1,j2 ⊗ Ej2,j1 + c¯(u, (P + h)j1,j2)Ej2,j1 ⊗ Ej1,j2) , (2.6)
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where Ei,jvµ = δj,µvi, z = q
2u, Πj,k = q
2(P+h)j,k , (P + h)j,k := (P + h)ǫ¯j − (P + h)ǫ¯k ,
ρ+(z) = q−
N−1
N z
N−1
rN
{q2Nq−2z}{q2z}
{q2Nz}{z}
{pq2N/z}{p/z}
{pq2Nq−2/z}{pq2/z}
, (2.7)
ρ−(z) = ρ+(pz), (2.8)
b(u, s) =
[s+ 1][s− 1][u]
[s]2[u+ 1]
, b¯(u) =
[u]
[u+ 1]
, (2.9)
c(u, s) =
[1][s + u]
[s][u+ 1]
, c¯(u, s) =
[1][s − u]
[s][u+ 1]
and {z} = (z; p, q2N )∞. This R matrix is gauge equivalent to Jimbo-Miwa-Okado’s A
(1)
N−1 face
type Boltzmann weight [22] and can be obtained [30] by taking the vector representation of the
universal elliptic dynamical R matrix [23].
The R±(z, q2s) satisfies the dynamical Yang-Baxter equation
R±(12)(z1/z2, q
2(s+h(3)))R±(13)(z1/z3, q
2s)R±(23)(z2/z3, q
2(s+h(1)))
= R±(23)(z2/z3, q
2s)R±(13)(z1/z3, q
2(s+h(2)))R±(12)(z1/z2, q
2s), (2.10)
where q2h
(l)
j,k acts on the l-th tensor space V̂ by q2h
(l)
j,kvµ = q
2<ǫ¯µ,hj,k>vµ, and the unitarity
R(z, q2s)R(21)(z−1, q2s) = idV̂⊗V̂ . (2.11)
2.4 The elliptic quantum groups Eq,p(ĝlN) and Uq,p(ĝlN)
We consider the dynamical elliptic quantum group realized in the two ways Eq,p(ĝlN ) and
Uq,p(ĝlN ). The elliptic algebra Eq,p(ĝlN ) is a central extension of Felder’s elliptic quantum
group [11,32], whereas Uq,p(ĝlN ) is an elliptic and dynamical analogue [29,32] of Drinfeld’s new
realization of the quantum affine algebra Uq(ĝlN ) [5]. For the details of the definitions we refer
the reader to Sec.3 and Appendix D.1 in [32] and Appendix A in [33].
2.4.1 The elliptic algebra Eq,p(ĝlN )
For simplicity of presentation, we treat the elliptic algebra Eq,p(ĝlN ) as a unital associative
algebra over F generated by ( the Laurent coefficients of) L+ij(z) (1 ≤ i, j ≤ N) and the central
element q±c/2. Let L+(z) =
∑
1≤i,j≤N EijL
+
ij(z). In the level k ∈ R representation, where c = k,
the defining relations are given as follows.
g(P )L̂ij(z) = L̂ij(z) g(P− < Qǫ¯j , P >), (2.12)
g(P + h)L̂ij(z) = L̂ij(z) g(P + h− < Qǫ¯i , P + h >), (2.13)
R+(12)(z1/z2,Π)L̂
+(1)(z1)L̂
+(2)(z2) = L̂
+(2)(z2)L̂
+(1)(z1)R
+∗(12)(z1/z2,Π
∗), (2.14)
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where g(P + h), g(P ) ∈ F, and
R∗+(z,Π∗) = R+(z,Π)
∣∣
p→p∗,r→r∗,[u]→[u]∗,P+h→P
with Π∗j,l = q
2Pj,l , p∗ = pq−2k = q2r
∗
.
Setting L̂−(z) = L̂+(pq−kz), we have from Proposition D.2 in [32]
R−(12)(z1/z2,Π)L̂
−(1)(z1)L̂
−(2)(z2) = L̂
−(2)(z2)L̂
−(1)(z1)R
−∗(12)(z1/z2,Π
∗), (2.15)
R±(12)(q±kz1/z2,Π)L̂
±(1)(z1)L̂
∓(2)(z2) = L̂
∓(2)(z2)L̂
±(1)(z1)R
±∗(12)(q∓kz1/z2,Π
∗),(2.16)
where
R−(z,Π) = ρ−(z)R(z,Π), ρ−(z) = z2
N−1
N ρ+(pz),
R∗−(z,Π∗) = R−(z,Π)
∣∣
p→p∗,r→r∗,[u]→[u]∗,P+h→P
.
Definition 2.1. We define the half-currents of Eq,p(ĝlN ), F
±
j,l(z), E
±
l,j(z), (1 ≤ j < l ≤ N) and
K̂±l (z) (1 ≤ l ≤ N), as the following Gauss components of L̂
±(z).
L̂±(z) =

1 F±1,2(z) F
±
1,3(z) · · · F
±
1,N (z)
0 1 F±2,3(z) · · · F
±
2,N (z)
...
. . .
. . .
. . .
...
...
. . . 1 F±N−1,N (z)
0 · · · · · · 0 1


K̂±1 (z) 0 · · · 0
0 K̂±2 (z)
...
...
. . . 0
0 · · · 0 K̂±N (z)

×

1 0 · · · · · · 0
E±2,1(z) 1
. . .
...
E±3,1(z) E
±
3,2(z)
. . .
. . .
...
...
...
. . . 1 0
E±N,1(z) E
±
N,2(z) · · · E
±
N,N−1(z) 1

. (2.17)
One can express the half-currents in terms of the quantum minor determinant of the L
operators [32]. For 1 ≤ a, b ≤ N , let us define L̂+(z)a,a = (L̂
+
i,j(z))a≤i,j≤N and
L̂+(z)a,b =

L̂+ab(z) L̂
+
aa+1(z) · · · L̂
+
aN (z)
L̂+a+1b(z) L̂
+
a+1a+1(z) · · · L̂
+
a+1N (z)
...
...
...
L̂+Nb(z) L̂
+
Na+1(z) · · · L̂
+
NN (z)
 for a > b (2.18)
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=
L̂+ab(z) L̂
+
ab+1(z) · · · L̂
+
aN (z)
L̂+b+1b(z) L̂
+
b+1b+1(z) · · · L̂
+
b+1N (z)
...
...
...
L̂+Nb(z) L̂
+
Nb+1(z) · · · L̂
+
NN (z)
 for a < b. (2.19)
Then we obtain
Theorem 2.2. [32]
K̂±j (z) = N
′−1
N−j+1q- det L̂
±(z)j,j
(
q- det L̂±(zq−2)j+1,j+1
)−1
,
E±k,j(z) =
(
q-det L̂±(z)k,k
)−1
q- det L̂±(z)k,j ,
F±j,k(z) = q-det L̂
±(z)j,k
(
q-det L̂±(z)k,k
)−1
(1 ≤ j < k ≤ N),
where
N ′k =
Nk
Nk−1
, Nk =
∏
1≤a<b≤k
√
ρ∗0[a]
∗[1]
ρ0[a][1]∗
,
ρ0 = − lim
z→q−2
ρ+(z)
[1]
[u+ 1]
= q
r−N+2
rN
(q2N ; q2N )∞
(p; p)∞
{q2Nq−4}{pq2}2
{pq4}{q2Nq−2}2
,
ρ∗0 = ρ0|p 7→p∗,r 7→r∗
Corollary 2.3. Let us set
K̂(z) = K̂+1 (z)K̂
+
2 (zq
−2) · · · K̂+N (zq
−2(N−1)).
Then the q-determinant of L̂+(z) is given by
q- det L̂+(z) = NNK̂(z)
and belongs to the center of Eq,p(ĝlN ).
Moreover from Proposition 6.4 in [32], we have
Corollary 2.4. For l = 1, · · · , N , the q-principal minor determinant q- det L̂+(z)ll is given by
q- det L̂+(z)ll = NN−l+1K̂
+
l (z)K̂
+
l+1(zq
−2) · · · K̂+N (zq
−2(N−l))
and belongs to the center of the subalgebra Eq,p(ĝlN−l+1) of Eq,p(ĝlN ).
We define the elliptic algebra Eq,p(ŝlN ) as the quotient algebra Eq,p(ĝlN )/ < K̂(z) − 1 >.
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2.4.2 The elliptic algebra Uq,p(ŝlN )
For simplicity of presentation, we treat the elliptic algebra Uq,p(ĝlN ) as a unital associative alge-
bra over F generated by (the Laurent coefficients of) the elliptic currents Ej(z), Fj(z),K
+
l (z) (1 ≤
j ≤ N − 1, 1 ≤ l ≤ N). In the level-k (k ∈ R) representation, the defining relations are given in
the sense of analytic continuation as follows. For g(P ), g(P + h) ∈ F,
g(P + h)Ej(z) = Ej(z)g(P + h), g(P )Ej(z) = Ej(z)g(P− < Qαj , P >), (2.20)
g(P + h)Fj(z) = Fj(z)g(P + h− < αj , P + h >), g(P )Fj(z) = Fj(z)g(P ), (2.21)
g(P )K+l (z) = K
+
l (z)g(P− < Qǫ¯l , P >), g(P + h)K
+
l (z) = K
+
l (z)g(P + h− < Qǫ¯l, P >),
(2.22)
K+l (z1)K
+
l (z2) =
ρ+∗(z1/z2)
ρ+(z1/z2)
K+l (z2)K
+
l (z1), (2.23)
K+j (z1)K
+
l (z2) =
ρ+∗(z1/z2)
ρ+(z1/z2)
[u1 − u2 − 1]
∗[u1 − u2]
[u1 − u2]∗[u1 − u2 − 1]
K+l (z2)K
+
j (z1) (1 ≤ j < l ≤ N),
(2.24)
K+j (z1)Ej(z2) =
[
u1 − u2 +
j−N−k+1
2
]∗
[
u1 − u2 +
j−N−k+1
2 − 1
]∗Ej(z2)K+j (z1), (2.25)
K+j+1(z1)Ej(z2) =
[
u1 − u2 +
j−N−k+1
2
]∗
[
u1 − u2 +
j−N−k+1
2 + 1
]∗Ej(z2)K+j+1(z1), (2.26)
K+l (z1)Ej(z2) = Ej(z2)K
+
l (z1) (l 6= j, j + 1), (2.27)
K+j (z1)Fj(z2) =
[
u1 − u2 +
j−N+1
2 − 1
]
[
u1 − u2 +
j−N+1
2
] Fj(z2)K+j (z1), (2.28)
K+j+1(z1)Fj(z2) =
[
u1 − u2 +
j−N+1
2 + 1
]
[
u1 − u2 +
j−N+1
2
] Fj(z2)K+j+1(z1), (2.29)
K+l (z1)Fj(z2) = Fj(z2)K
+
l (z1) (l 6= j, j + 1), (2.30)
[
u− v −
aij
2
]∗
Ei(z)Ej(w) =
[
u− v +
aij
2
]∗
Ej(w)Ei(z), (2.31)[
u− v +
aij
2
]
Fi(z)Fj(v) =
[
u− v −
aij
2
]
Fj(w)Fi(z), (2.32)
[Ei(z), Fj(w)] =
δi,j
q − q−1
(
δ
(
q−k
z
w
)
H−i (q
k/2w) − δ
(
qk
z
w
)
H+i (q
−k/2w)
)
, (2.33)
K−l (z) = K
+
l (pq
−kz), (2.34)
H±j (z) = ̺K
±
j (q
N−j−1qk/2z)K±j+1(q
N−j−1qk/2z)−1 (2.35)
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z
− 1
r∗
1
(p∗q2z2/z1; p
∗)∞
(p∗q−2z2/z1; p∗)∞
{
(z2/z)
1
r∗
(p∗q−1z/z1; p
∗)∞(p
∗q−1z/z2; p
∗)∞
(p∗qz/z1; p∗)∞(p∗qz/z2; p∗)∞
Ei(z1)Ei(z2)Ej(z)
− [2]q
(p∗q−1z/z1; p
∗)∞(p
∗q−1z2/z; p
∗)∞
(p∗qz/z1; p∗)∞(p∗qz2/z; p∗)∞
Ei(z1)Ej(z)Ei(z2)
+ (z/z1)
1
r∗
(p∗q−1z1/z; p
∗)∞(p
∗q−1z2/z; p
∗)∞
(p∗qz1/z; p∗)∞(p∗qz2/z; p∗)∞
Ej(z)Ei(z1)Ei(z2)
}
+ (z1 ↔ z2) = 0,
(2.36)
z
1
r
1
(pq−2z2/z1; p)∞
(pq2z2/z1; p)∞
{
(z/z2)
1
r
(pqz/z1; p)∞(pqz/z2; p)∞
(pq−1z/z1; p)∞(pq−1z/z2; p)∞
Fi(z1)Fi(z2)Fj(z)
− [2]q
(pqz/z1; p)∞(pqz2/z; p)∞
(pq−1z/z1; p)∞(pq−1z2/z; p)∞
Fi(z1)Fj(z)Fi(z2)
+ (z1/z)
1
r
(pqz1/z; p)∞(pqz2/z; p)∞
(pq−1z1/z; p)∞(pq−1z2/z; p)∞
Fj(z)Fi(z1)Fi(z2)
}
+ (z1 ↔ z2) = 0 (|i− j| = 1).
(2.37)
where
̺ =
(p; p)∞(p
∗q2; p∗)∞
(p∗; p∗)∞(pq2; p)∞
.
Proposition 2.5. [32] The following product belongs to the center of Uq,p(ĝlN ).
K(z) = K+1 (z)K
+
2 (zq
−2) · · ·K+N (zq
−2(N−1)).
We define the elliptic algebra Uq,p(ŝlN ) as the quotient algebra Uq,p(ĝlN )/ < K(z)− 1 >.
2.4.3 Isomorphism between Eq,p(ĝlN ) and Uq,p(ĝlN )
Proposition 2.6. [32] Set
Ej(zq
j−N+1−c/2) := µ∗
(
E+j+1,j(zq
c/2)− E−j+1,j(zq
−c/2)
)
,
Fj(zq
j−N+1−c/2) := µ
(
F+j,j+1(zq
−c/2)− F−j,j+1(zq
c/2)
)
,
where µ and µ∗ satisfy
µµ∗ = −
̺
q − q−1
[0]′
[1]
. (2.38)
Then identifying K̂+l (z) with K
+
l (z), K̂
+
l (z), Ej(z), Fj(z) satisfy the defining relations of Uq,p(ĝlN )
in Sec.2.4.2.
Furthermore let us set
H±j (z) := ̺K̂
±
j (q
N−j−1qc/2z)K̂±j+1(q
N−j−1qc/2z)−1.
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Corollary 2.7. Under the constraint K̂(z) = 1, the generating functions H±j (z), Ej(z), Fj(z) (1 ≤
j ≤ N − 1) satisfy the defining relations of Uq,p(ŝlN ).
Theorem 2.8. [32]
Uq,p(ĝlN )
∼= Eq,p(ĝlN ).
Definition 2.9. The Gelfand-Tsetlin subalgebra G of Eq,p(ĝlN ) as well as of Uq,p(ĝlN ) is defined
to be a unital subalgebra generated by ( the Laurent coefficients of) K̂+l (z) (1 ≤ l ≤ N).
From (2.23)-(2.24) we obtain
Proposition 2.10. The Gelfand-Tsetlin subalgebra G becomes a commutative subalgebra at the
level 0 (c = 0).
2.4.4 Dynamical L operators and half-currents
For later convenience ( see Sec.4) we introduce the dynamical L operators [24,28] by
L±(z, P ) = L̂±(z)e
∑N
j=1 π(hǫj )Qǫ¯j ,
where π(hǫj ) = Ejj. Then L
±(z, P ) commutes with the elements in F and satisfy the full
dynamical RLL relations [11]
R±(12)(z1/z2,Π)L
±(1)(z1, P )L
±(2)(z2, P + h
(1)) = L±(2)(z2, P )L
±(1)(z1, P + h
(2))R±∗(12)(z1/z2,Π
∗),
(2.39)
R±(12)(q±cz1/z2,Π)L
±(1)(z1, P )L
∓(2)(z2, P + h
(1)) = L∓(2)(z2, P )L
±(1)(z1, P + h
(2))R±∗(12)(q∓cz1/z2,Π
∗),
(2.40)
Accordingly we define the dynamical half-currents K+l (z), E
+
j+1,j(z, P ), F
+
j,j+1(z, P ) (1 ≤ l ≤
N, 1 ≤ j ≤ N − 1) as the corresponding Gauss coordinates of L±(z, P ). Then the relation
between the half-currents from L̂±(z) and those from L±(z, P ) is given as follows.
Proposition 2.11. [32]
K̂±l (z) = K
±
l (z)e
−Qǫ¯j ,
Ê±j+1,j(z) = e
Qǫ¯j+1E±j+1,j(z, P )e
−Qǫ¯j ,
F̂±j,j+1(z) = F
±
j,j+1(z, P ).
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3 Elliptic Weight Functions
In this section we summarize some basic properties of the elliptic weight functions obtained
in [33].
3.1 Combinatorial notations
Let V̂ =
N⊕
µ=1
Fvµ be the same as in Sec. 2.3 and consider its tensor product V̂
⊗˜n. The standard
basis of V̂ ⊗˜n is given by {vµ1 ⊗˜ · · · ⊗˜ vµn | µ1, · · · , µn ∈ {1, · · · , N}}, where ⊗˜ is defined in
Appendix A.
Let [1, n] = {1, · · · , n}. For a vector vµ1 ⊗˜ · · · ⊗˜ vµn , we define the index set Il := { i ∈
[1, n] | µi = l} (l = 1, · · · , N) and set λl := |Il|, λ := (λ1, · · · , λN ). Then I = (I1, · · · , IN ) is a
partition of [1, n], i.e.
I1 ∪ · · · ∪ IN = [1, n], Ik ∩ Il = ∅ (k 6= l).
We often denote thus obtained partition I by Iµ1,···µn . We also write vI = vµ1 ⊗˜ · · · ⊗˜ vµn . Let
N = {m ∈ Z| m ≥ 0}. For λ = (λ1, · · · , λN ) ∈ N
N satisfying |λ| = λ1 + · · · + λN = n, let Iλ
be the set of all partitions I = (I1, · · · , IN ) of [1, n] satisfying |Il| = λl (l = 1, · · · , N). We also
set λ(l) := λ1 + · · · + λl, I
(l) := I1 ∪ · · · ∪ Il and let I
(l) =: {i
(l)
1 < · · · < i
(l)
λ(l)
}. For I ∈ Iλ,
all vectors vI have the same weight
∑n
j=1 ǫ¯µj , which we call the weight associated with λ. For
each i
(l)
a (l = 1, · · · , N, a = 1, · · · , λ(l)), we consider the variables t
(l)
a ≡ t(i
(l)
a ) with t
(N)
a = za
(a = 1, · · · , n), and set t = (t
(l)
a ) (l = 1, · · · , N, a = 1, · · · , λ(l)).
For λ = (λ1, · · · , λN ) ∈ N
N , |λ| = n, we consider in Sec.5 the partial flag variety Fλ =
F(λ(1), · · · , λ(N−1), n) consisting of 0 = V0 ⊂ V1 ⊂ · · · ⊂ VN = C
n with dimC Vl = λ
(l). A
representation theoretical meaning to this parametrization is given in [33].
3.2 The elliptic weight functions of type slN
We consider the following elliptic weight functions [33].
W˜I(t, z,Π) = Symt(1) · · · Symt(N−1) U˜I(t, z,Π), (3.1)
U˜I(t, z,Π) =
N−1∏
l=1
λ(l)∏
a=1
(
[v
(l+1)
b − v
(l)
a + (P + h)µs,l+1 − Cµs,l+1(s)][1]
[v
(l+1)
b − v
(l)
a + 1][(P + h)µs,l+1 − Cµs,l+1(s)]
∣∣∣∣∣
i
(l+1)
b =i
(l)
a =s
×
λ(l+1)∏
b=1
i
(l+1)
b
>i
(l)
a
[v
(l+1)
b − v
(l)
a ]
[v
(l+1)
b − v
(l)
a + 1]
λ(l)∏
b=a+1
[v
(l)
a − v
(l)
b − 1]
[v
(l)
a − v
(l)
b ]
 , (3.2)
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where we set t
(l)
a = q2v
(l)
a (l = 1, · · · , N − 1, a = 1, · · · , λ(l)), zk = q
2uk (k = 1, · · · , n), v
(N)
s = us
(s = 1, · · · , n) and Cµs,l+1(s) :=
∑n
j=s+1 < ǫ¯µj , hµs ,l+1 > (µs ≤ l). The symbol Symt(l) denotes
the symmetrization over the variables t
(l)
1 , · · · , t
(l)
λ(l)
.
For I = (I1, · · · , IN ) ∈ Iλ, let Ik = {ik,1 < · · · < ik,λk} (k = 1, · · · , N). Then Cµs,l+1 has the
following combinatorial expression.
Proposition 3.1.
Cµs,l+1(s) =
λµs − λl+1 − s˜+mµs,l+1(s)− 1 if s ≤ il+1,λl+1λµs − s˜ if s > il+1,λl+1
where for s ∈ [1, n] we define s˜ by iµs,s˜ = s and mµs,l+1(s) by
mµs,l+1(s) = min{1 ≤ j ≤ λl+1 | s < il+1,j } for s ≤ il+1,λl+1 .
3.3 Entire function version
Let us set
Hλ(t, z) :=
N−1∏
l=1
λ(l)∏
a=1
λ(l+1)∏
b=1
[
v
(l+1)
b − v
(l)
a + 1
]
. (3.3)
The following gives an entire function version of the elliptic weight function.
WI(t, z,Π) = Hλ(t, z)W˜I(t, z,Π) = Symt(1) · · · Symt(N−1)UI(t, z,Π), (3.4)
where
UI(t, z,Π) =
N−1∏
l=1
λ(l)∏
a=1

[
v
(l+1)
b − v
(l)
a + (P + h)µs,l+1 − Cµs,l+1(s)
]
[1]
[(P + h)µs ,l+1 − Cµs,l+1(s)]
∣∣∣∣∣∣
i
(l+1)
b
=i
(l)
a =s
×
λ(l+1)∏
b=1
i
(l+1)
b
>i
(l)
a
[
v
(l+1)
b − v
(l)
a
] λ(l+1)∏
b=1
i
(l+1)
b
<i
(l)
a
[
v
(l+1)
b − v
(l)
a + 1
] λ(l)∏
b=a+1
[v
(l)
b − v
(l)
a + 1]
[v
(l)
b − v
(l)
a ]
 .
(3.5)
Furthermore, in order to compare with the stable envelopes, it is convenient to consider the
following expression. See Sec.5.3.
WI(t, z,Π) =
WI(t, z,Π)
Eλ(t)
= Symt(1) · · · Symt(N−1) UI(t, z,Π), (3.6)
UI(t, z,Π) =
N−1∏
l=1
∏λ(l)
a=1 u
(l)
I (t
(l)
a , t(l+1),Πµ
i
(l)
a
,l+1q
−2Cµ
i
(l)
a
,l+1(i
(l)
a )
)∏
1≤a<b≤λ(l) [v
(l)
a − v
(l)
b ][v
(l)
b − v
(l)
a − 1]
, (3.7)
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where t(l+1) = (t
(l+1)
1 , · · · , t
(l+1)
λ(l+1)
), and
Eλ(t) =
N−1∏
l=1
λ(l)∏
a=1
λ(l)∏
b=1
[v
(l)
b − v
(l)
a + 1], (3.8)
u
(l)
I (t
(l)
a , t
(l+1),Πj,k) =
[
v
(l+1)
b − v
(l)
a + (P + h)j,k
]
[(P + h)j,k]
∣∣∣∣∣∣
i
(l+1)
b
=i
(l)
a
×
λ(l+1)∏
b=1
i
(l+1)
b
>i
(l)
a
[
v
(l+1)
b − v
(l)
a
] λ(l+1)∏
b=1
i
(l+1)
b
<i
(l)
a
[
v
(l+1)
b − v
(l)
a + 1
]
(3.9)
for 1 ≤ j < k ≤ N .
Remark. In the trigonometric (p → 0) and non-dynamical (neglecting the factors depending
on P + h ) limit WI and WI coincide with WI and W˜I discussed in [44], respectively. See
also [36,37].
3.4 Properties of the elliptic weight functions
3.4.1 Triangular property
For I, J ∈ Iλ, let I
(l) = {i
(l)
1 < · · · < i
(l)
λ(l)
} and J (l) = {j
(l)
1 < · · · < j
(l)
λ(l)
} (l = 1, · · · , N). Define
a partial ordering 6 by
I 6 J ⇔ i(l)a ≤ j
(l)
a ∀l, a.
Let us denote by t = zI the speciatization t
(l)
a = zi(l)a
(l = 1, · · · , N −1, a = 1, · · · , λ(l)) [44]. The
weight function has the following triangular property.
Proposition 3.2. For I, J ∈ Iλ,
(1) WJ(zI , z,Π) = 0 unless I 6 J .
(2)
WI(zI , z,Π) =
∏
1≤k<l≤N
∏
a∈Ik
∏
b∈Il
a<b
[ub − ua]
∏
b∈Il
a>b
[ub − ua + 1]
 .
For σ ∈ Sn, let us denote σ
−1(I) = Iµσ(1)···µσ(n) and σ(z) = (zσ(1), · · · , zσ(n)). Following [44],
let us set Wσ,I(t, z,Π) = Wσ(I)(t, σ(z),Π) and Wid,I(t, zΠ) = WI(t, z,Π). Let us consider the
matrix Ŵσ(z,Π), whose (I, J)th element is given by Wσ,J(zI , z,Π) (I, J ∈ Iλ). We put the
matrix elements in the decreasing order with respect to 6. Then Proposition 3.2 yields that
the matrix Ŵid(z,Π) is lower triangular, whereas Ŵσ0(z,Π) with σ0 being the longest element
in Sn is upper triangular. In particular, for generic ua (a = 1, · · · , n), Ŵσ(z,Π) is invertible.
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3.4.2 Transition property
Proposition 3.3. Let I = Iµ1···µiµi+1···µn ∈ Iλ.
WI··· µi+1µi···(t, · · · , zi+1, zi, · · · ,Π)
=
∑
µ′i,µ
′
i+1
R¯(zi/zi+1,Πq
−2
∑n
j=i<ǫ¯µj ,h>)
µ′iµ
′
i+1
µiµi+1 WI··· µ′
i
µ′
i+1
···
(t, · · · , zi, zi+1, · · · ,Π). (3.10)
Note that since Hλ(t, z) is a symmetric function in z1, · · · , zn, W˜I(t, z,Π) has the same
property.
3.4.3 Orthogonality
Noting (3.6) and the remark in Sec.5.3 in [33], where Eλ(t, z) is the same as Eλ(t) in (3.8), we
have the following property.
Proposition 3.4. For J,K ∈ Iλ,
∑
I∈Iλ
WJ(zI , z,Π
−1q2
∑n
j=1<ǫ¯µj ,h>)Wσ0(K)(zI , σ0(z),Π)
Q(zI)R(zI)
= δJ,K ,
where
∑n
j=1 ǫ¯µj is the weight associated with λ (Sec.3.1), and
Q(zI) =
∏
1≤k<l≤N
∏
a∈Ik
∏
b∈Il
[ub − ua + 1],
R(zI) =
∏
1≤k<l≤N
∏
a∈Ik
∏
b∈Il
[ub − ua].
In Sec.5.4, a consistency between this property and the formula in Theorem 4.5 becomes a
key to obtain a geometric representation of the elliptic quantum group.1
3.4.4 Quasi-periodicity
Remember that we set t
(l)
a = q2v
(l)
a , zk = q
2uk and Πj,k = q
2(P+h)j,k . Note that t
(l)
a 7→ pt
(l)
a ⇔
v
(l)
a 7→ v
(l)
a + r and t
(l)
a 7→ e−2πit
(l)
a ⇔ v
(l)
a 7→ v
(l)
a + rτ . From (2.4) and Proposition 3.1 we obtain
the following statement.
1In [14,46], the dynamical shift in the orthogonality relation is missing.
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Proposition 3.5. For I ∈ Iλ, the weight functionsWI(t, z,Π) has the following quasi-periodicity.
WI(· · · , pt
(l)
a , · · · , z,Π) = (−1)
λl+1−λl+2WI(· · · , t
(l)
a , · · · , z,Π),
WI(· · · , e
−2πit(l)a , · · · , z,Π)
= (−e−πiτ )λl+1−λl+2
× exp
−2πir
(λl+1 − λl)v(l)a − λ(l+1)∑
b=1
v
(l+1)
b + 2
λ(l)∑
b=1
v
(l)
b −
λ(l−1)∑
b=1
v
(l−1)
b − (P + h)l,l+1 − λl+1

×WI(· · · , t
(l)
a , · · · , z,Π) (1 ≤ a ≤ λ
(l), 1 ≤ l ≤ N − 1).
Remark. For λ = (λ1, · · · , λN ) ∈ N
N , let x = t(x
(1)
1 , · · · , x
(1)
λ(1)
, · · · , x
(N−1)
1 , · · · , x
(N−1)
λ(N−1)
) ∈ CM ,
where M =
∑N−1
l=1 λ
(l) =
∑N−1
l=1 (N − l)λl. From Proposition 3.5 one can deduce a symmetric
integral M ×M matrix N and a vector ξ ∈ (C/rZ)M , which imply the following quadratic form
N(x) = txNx and the linear form ξ(x) = txξ.
N(x) = −
N−1∑
l=1
λ(l)∑
a=1
λ(l)∑
b=1
(
x(l)a − x
(l)
b
)2
+
N−2∑
l=1
λ(l)∑
a=1
λ(l+1)∑
b=1
(
x(l)a − x
(l+1)
b
)2
+ n
λ(N−1)∑
a=1
(x(N−1)a )
2,
ξ(x) = −
N−1∑
l=1
λ(l)∑
a=1
x(l)a ((P + h)l,l+1 + λl+1)−
λ(N−1)∑
a=1
n∑
k=1
x(N−1)a uk.
Then by Appel-Humbert theorem [34], a pair (N, ξ) characterizes a line bundle L(N, ξ) :
(CM × C)/ΛM → CM , where Λ = rZ+ rZτ , with action
ω · (x, η) = (x+ ω, eω(x)η), ω ∈ Λ
M , x ∈ CM , η ∈ C,
and cocycle
enr+mrτ (x) = (−1)
tnNn(−eiπτ )
tmNme
2πi
r
tm(Nx+ξ), n,m ∈ ZM .
Hence SpanC{ WI(t, z,Π) (I ∈ Iλ) } is a space of meromorphic sections of L(N, ξ).
3.4.5 Shuffle algebra structure
For λ = (λ1, · · · , λN ) ∈ N
N , |λ| = n, let z(n) = (z1, · · · , zn) ∈ (C
∗)n. For I = Iµ1···µn ∈ Iλ,
we denote by ΠI a set of dynamical parameters {Πµk ,j = q
2(P+h)µk,j (k = 1, · · · , n, j = µk +
1, · · · , N)},where (P + h)j,k ∈ C/rZ (1 ≤ j < k ≤ N), and set Πλ = ∪I∈IλΠI .
Definition 3.6. For λ = (λ1, · · · , λN ) ∈ N
N , |λ| = n, we define M
(n)
λ (z
(n),Πλ) to be the space
of moromorphic functions F (t; z,Π) of M variables t = (t
(1)
1 , · · · , t
(1)
λ(1)
, · · · , t
(N−1)
1 , · · · , t
(N−1)
λ(N−1)
)
such that
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(1) F (t; z,Π) is symmetric in t
(l)
1 , · · · , t
(l)
λ(l)
for each l ∈ {1, · · · , N − 1}.
(2) F (t; z,Π) has the quasi-periodicity
F (· · · , pt(l)a , · · · ; z,Π) = F (t; z,Π),
F (· · · , e−2πit(l)a ; · · · , z,Π) = exp
{
2πi
r
((P + h)l,l+1 − λl)
}
F (t; z,Π)
(l = 1, · · · , N − 1, a = 1, · · · , λ(l)).
Let us consider the subspace space M
+(n)
λ (z
(n),Πλ) := SpanC{ W˜I(t, z,Π) (I ∈ Iλ) } of
M
(n)
λ (z,Πλ). From Proposition 3.2, we obtain
Proposition 3.7. dimCM
+(n)
λ (z
(n),Πλ) =
n!
λ1! · · · λN !
.
Consider a graded C-vector space
M(z,Π) =
⊕
n∈N
⊕
λ∈NN
|λ|=n
M
(n)
λ (z
(n),Πλ)
with M
(0)
(0,··· ,0)(z
(0),Π) = C1.
Definition 3.8. For F (t; z(m),ΠI) ∈ M
(m)
λ (z
(m),Πλ), G(t
′; z′(n),Π′I′) ∈ M
(n)
λ′(z
′(n),Π′λ′), we
define the bilinear product ⋆ on M(z,Π) by
(F ⋆ G)(t
(1)
1 , · · · , t
(1)
λ(1)+λ′(1)
, · · · , t
(N−1)
1 , · · · , t
(N−1)
λ(N−1)+λ′(N−1)
; z1, · · · , zm+n,ΠI+I′)
:=
1∏N−1
l=1 λ
(l)!λ′(l)!
Sym(1) · · · Sym(N−1)
[
F (t, z,ΠIq
−2
∑n
j=1<ǫ¯µ′
j
,h>
) G(t′, z′,Π′I′) Ξ(t, t
′, z, z′)
]
,
(3.11)
where I ′ = I ′µ′1···µ′n
and
Ξ(t, t′, z, z′) =
N−1∏
l=1
λ(l)∏
a=1
λ′(l+1)∏
b=1
[v′b
(l+1) − v
(l)
a ]
[v′b
(l+1) − v
(l)
a + 1]
λ
′(l)∏
c=1
[v′c
(l) − v
(l)
a + 1]
[v′c
(l) − v
(l)
a ]
 .
In the LHS of (3.11), we set t
(l)
λ(1)+a
:= t′(l)a (a = 1, · · · , λ
′(l)), zm+k := z
′
k (k = 1, · · · , n)
and ΠI+I′ = {Πµk ,j (k = 1, · · · ,m + n, j = µk + 1, · · · , N)}, where Πµm+k ,j := Π
′
µ′
k
,j (k =
1, · · · , n, j = µ′k + 1, · · · , N).
This endows M(z,Π) with a structure of an associative unital algebra with the unit 1.
In [14], a sl2 version of the ⋆-product is given.
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Let us consider the subspace of M(z,Π).
M+(z,Π) =
⊕
n∈N
⊕
λ∈NN
|λ|=n
M
+(n)
λ (z
(n),Πλ).
All the elements in M+(z,Π) satisfy the following pole and wheel conditions. For F (t; z,Π) ∈
M
+(n)
λ (z
(n),Πλ),
1) there exists an entire function f(t; z,Π) ∈ Θ+λ (z
(n),Πλ) = SpanC{WI(t, z
(n),Π) (I ∈ Iλ) }
such that
F (t; z,Π) =
f(t; z,Π)
Hλ(t, z)
.
2) f(t; z,Π) = 0 once t
(l)
a /t
(l+ε)
c = q2ε and t
(l+ε)
c /t
(l)
b = 1 for some l, ε, a, b, c, where ε ∈ {±1},
l = 1, · · · , N , a, b = 1, · · · , λ(l), c = 1, · · · , λ(l+ε) and t
(N)
a = za.
Proposition 3.9. The subspace M+(z,Π) ⊂M(z,Π) is ⋆-closed.
4 Finite Dimensional Representations
In this section we construct finite dimensional tensor product representations of the elliptic
quantum group Eq,p(ĝlN ) and Uq,p(ĝlN ) on the Gelfand-Tsetlin basis.
4.1 Finite dimensional tensor product representations
Let (πz, V̂z) denote the N -dimensional dynamical evaluation representation of Eq,p(ĝlN ): V̂z =
V̂ [z, z−1] with V̂ = ⊕Nµ=1Fvµ. The level-0 action of the L-operator L̂
±(z) or the dynamical
L-operator L±(z, P ) introduced in Sec.2.4.4 is given by
πz(L̂
±
ij(1/w))vν = πz(L
±
ij(1/w, P )e
−Qǫ¯j )vν =
N∑
µ=1
R¯(z/w,Π∗)jνiµvµ
with eQαvµ = vµ (α ∈ h¯
∗), where Π∗j,l = q
2Pj,l as before.
The action on the tensor product space is obtained by the co-algebra structure presented in
Appendix A.
Proposition 4.1. L̂±(1/w) acts on V̂w ⊗˜ V̂z1 ⊗˜ · · · ⊗˜ V̂zn by
(πz1 ⊗ · · · ⊗ πzn)∆
′(n−1)(L̂±(1/w))
= R¯(0n)(zn/w,Π
∗q2
∑n−1
j=1 h
(j)
)R
(0n−1)
(zn−1/w,Π
∗q2
∑n−2
j=1 h
(j)
) · · · R¯(01)(z1/w,Π
∗).
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Proof. It is enough to show the n = 2 case.
(πz1 ⊗ πz2)∆
′(L̂±ij(1/w))vµ ⊗˜ vν =
∑
k
πz1(L̂
±
kj(1/w))vµ ⊗˜πz2(L̂
±
ik(1/w))vν
=
∑
k,µ′,ν′
R(z1/w,Π
∗)jµkµ′vµ′ ⊗˜R(z2/w,Π
∗)kνiν′vν′
=
∑
µ′,ν′
∑
k
R(z2/w,Π
∗q2h
(1)
)kνiν′R(z1/w,Π
∗)jµkµ′vµ′ ⊗˜ vν′
=
∑
µ′,ν′
(
R
(02)
(z2/w,Π
∗q2h
(1)
)R
(01)
(z1/w,Π
∗)
)jµν
iµ′ν′
vµ′ ⊗˜ vν′ .
To obtain the third equality we used (A.2).
It is also useful to write down the comultiplication fomula of the dynamical L-operator,
which is equivalent to Proposition 4.1.
Proposition 4.2. The dynamical L-operator L+(1/w, P ) acts on V̂w ⊗ V̂z1 ⊗ · · · ⊗ V̂zn, where
⊗ denotes the usual tensor product, by
(πz1 ⊗ · · · ⊗ πzn)∆
′(n−1)(L+ij(1/w, P ))
=
N∑
k1,··· ,kn−1=1
L+k1j(z1/w, P ) ⊗ L
+
k2k1
(z1/w, P + h
(1))⊗ · · · ⊗ L+ikn−1(zn/w, P +
n−1∑
j=1
h(j)).
4.2 The Gelfand-Tsetlin basis
Definition 4.3. The Gelfand-Tsetlin basis is a basis of the level-0 representation of Eq,p(ĝlN )
or Uq,p(ĝlN ) consisting of the simultaneous eigenvectors of the Gelfand-Tsetlin subalgebra G in
Definition 2.9.
We consider the the Gelfand-Tsetlin (GT) basis in V̂z1 ⊗˜ · · · ⊗˜ V̂zn . Following [44] we con-
struct it as follows. Firstly we realize Sn in terms of the elliptic dynamical R matrix in (2.6).
Let define S˜i(P ) by
S˜i(P ) := P
(ii+1)R
(ii+1)
(zi/zi+1,Π
∗q2
∑i−1
j=1 h
(j)
)szi ,
where
P : v ⊗˜w 7→ w ⊗˜ v, szi f(· · · , zi, zi+1, · · · ) = f(· · · , zi+1, zi, · · · )
Then by using the dynamical Yang-Baxter equation (2.10) and the unitarity relation (2.11) one
can show the following.
19
Proposition 4.4.
S˜i(P )S˜i+1(P )S˜i(P ) = S˜i+1(P )S˜i(P )S˜i+1(P ),
S˜i(P )S˜j(P ) = S˜j(P )S˜i(P ) (|i− j| > 1)
S˜i(P )
2 = 1.
For λ ∈ NN , |λ| = n, I = Iµ1···µn ∈ Iλ, we set
vI = vµ1···µn := vµ1 ⊗˜ · · · ⊗˜ vµn .
We define the Gelfand-Tsetlin basis {ξI}I∈Iλ by
ξImax := vImax , ξsi(I) := S˜i(P )ξI , (4.1)
where
Imax = IN · · ·N
︸ ︷︷ ︸
λN
··· 1 · · · 1
︸ ︷︷ ︸
λ1
.
Let us consider the change of basis matrix X̂ = (XIJ (z, P ))I,J∈Iλ :
ξI =
∑
J∈Iλ
XIJ(z, P )vJ . (4.2)
Here we put the matrix elements in the decreasing order Imax > · · · > Imin. Then by con-
struction, X̂ is a lower triangular matrix. Furthermore the following remarkable relationship
between X̂ and the specialized elliptic weight functions becomes a key to obtain a geometric
interpretation of the results in the next subsection. See Sec.5.4.
Theorem 4.5.
XIJ(z, P ) = W˜J(z
−1
I , z
−1,Π∗q2
∑n
j=1<ǫ¯µj ,h>). (4.3)
Proof. Let J = Iµ1···µiµi+1···µn ∈ Iλ. By definition,
ξsi(I) =
∑
J
Xsi(I)J (z, P )vJ
= S˜i(P )ξI =
∑
J
XIJ(si(z), P )S˜i(P )vJ
=
∑
J,µ′i,µ
′
i+1
XIJ(si(z), P )R(zi/zi+1,Π
∗q2
∑i−1
j=1<ǫ¯µj ,h>)
µiµi+1
µ′iµ
′
i+1
vµ1 ⊗˜ · · · ⊗˜ vµ′i ⊗˜ vµ′i+1 ⊗˜ · · · ⊗˜ vµn .
Hence we obtain
Xsi(I)J (z, P ) = XIJ(si(z), P ) (4.4)
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for µi = µi+1, and(
Xsi(I)J(z, P ) Xsi(I)si(J)(z, P )
)
=
(
XIJ (si(z), P ) XIsi(J)(si(z), P )
)
P2
tR(zi/zi+1,Π
∗q2
∑i−1
j=1<ǫ¯µj ,h>)µi,µi+1 (4.5)
for µi > µi+1. Here we set
P2 =
0 1
1 0
 , R(z,Π∗)µi,µi+1 =
R(z,Π∗)µi+1µiµi+1µi R(z,Π∗)µiµi+1µi+1µi
R(z,Π∗)
µi+1µi
µiµi+1 R(z,Π
∗)
µiµi+1
µiµi+1
 . (4.6)
Note that (4.4) and (4.5) determine the whole matrix elements in X̂ recursively starting from
XImaxImax(z, P ) = 1.
On the other hand, from Proposition 3.3 with replacing Π by Π∗ we have
W˜J(t, si(z),Π
∗) = W˜J(t, z,Π
∗) (4.7)
if µi = µi+1, and(
W˜J(t, si(z),Π
∗) W˜si(J)(t, si(z),Π
∗)
)
=
(
W˜J(t, z,Π
∗) W˜si(J)(t, z,Π
∗)
)
P2
tR(zi/zi+1,Π
∗q−2
∑n
j=i<ǫ¯µj ,h>)µi,µi+1
if µi 6= µi+1. Using (
P2
tR(z,Π∗)µi,µi+1
)−1
= P2
tR(z−1,Π∗)µi,µi+1 ,
we obtain in particular for µi > µi+1(
W˜J(t, z,Π
∗) W˜si(J)(t, z,Π
∗)
)
=
(
W˜J(t, si(z),Π
∗) W˜si(J)(t, si(z),Π
∗)
)
P2
tR((zi/zi+1)
−1 ,Π∗q−2
∑n
j=i<ǫ¯µj ,h>)µi,µi+1(4.8)
Specializing t = si(z)I and noting
W˜J(si(z)I , z,Π
∗) = W˜J(zsi(I), z,Π
∗)
etc., we obtain from (4.7) and (4.8)
W˜J(si(z)I , si(z),Π
∗) = W˜J(zsi(I), z,Π
∗) (4.9)
if µi = µi+1, and(
W˜J(zsi(I), z,Π
∗) W˜si(J)(zsi(I), z,Π
∗)
)
=
(
W˜J(si(z)I , si(z),Π
∗) W˜si(J)(si(z)I , si(z),Π
∗)
)
P2
tR((zi/zi+1)
−1 ,Π∗q−2
∑n
j=i<ǫ¯µj ,h>)µi,µi+1
(4.10)
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if µi > µi+1. Therefore one finds that W˜J(z
−1
I , z
−1,Π∗q2
∑n
j=1<ǫ¯µj ,h>) satisfy the same recur-
sion relations as (4.4) and (4.5) for XIJ(z, P ). In addition their initial conditions coincide:
W˜Imax(z
−1
Imax , z
−1,Π∗q2
∑n
j=1<ǫ¯µj ,h>) = 1 = XImaxImax(z, P ).
Example. The case N = 2, n = 3, λ = (2, 1). We have Iλ = {I211 > I121 > I112} and
ξ211
ξ121
ξ112
 =

1 0 0
c(u1,2, P1,2) b¯(u1,2) 0
c(u1,3, P1,2) b¯(u1,3)c(u2,3, P1,2 + 1) b¯(u1,3)b¯(u2,3)


v211
v121
v112
 ,
where ui,j = ui − uj. On the other hand we have
Ŵid(z,Π
∗) =

W˜I211(zI211 , z,Π
∗) 0 0
W˜I211(zI121 , z,Π
∗) W˜I121(zI121 , z,Π
∗) 0
W˜I211(zI112 , z,Π
∗) W˜I121(zI112 , z,Π
∗) W˜I112(zI112 , z,Π
∗)

=

1 0 0
[P1,2−1+u2,1][1]
[u2,1+1][P1,2−1]
[u2,1]
[u2,1+1]
0
[P1,2−1+u3,1][1]
[u3,1+1][P1,2−1]
[u3,1]
[u3,1+1]
[P1,2+u3,2][1]
[u3,2+1][P1,2]
[u3,1]
[u3,1+1]
[u3,2]
[u3,2+1]
 .
4.3 Action of the elliptic currents
In order to derive an action of the elliptic quantum group on the GT basis {ξI}, the following
property of the symmetrization operators S˜i(P ) is useful [44].
Proposition 4.6.
S˜i(P )∆
′(n−1)(L̂±(w)) = ∆′
(n−1)
(L̂±(w))S˜i(P + h
(0))
Proof. Use the dynamical Yang-Baxter equation.
Thanks to this proposition it suffices to construct an action of ∆′(n−1)(L̂±(w)) on ξImax.
From Theorem 2.2 and Proposition 4.1 we obtain the following level-0 action of the half-
currents of Eq,p(ĝlN ) on the GT basis. Note that at the level 0 we have L
−(w,P ) = L+(pw, P ),
hence K−j (w) = K
+
j (pw), E
−
j+1,j(w,P ) = E
+
j+1,j(pw, P ), F
−
j,j+1(w,P ) = F
+
j,j+1(pw, P ).
Theorem 4.7. Let {ξI | I ∈ Iλ, λ = (λ1, · · · , λN ) ∈ N
N , |λ| = n} be the GT basis of
V̂z1 ⊗˜ · · · ⊗˜ V̂zn. Under the abbreviation K
±
j (1/w) = (πz1⊗· · ·⊗πzn)∆
′(n−1)(K±j (1/w)), E
±
j+1,j(1/w, P ) =
(πz1⊗· · ·⊗πzn)∆
′(n−1)(E±j+1,j(1/w, P )) and F
±
j,j+1(1/w, P ) = (πz1⊗· · ·⊗πzn)∆
′(n−1)(F±j,j+1(1/w, P )),
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we have
K±j (1/w)ξI =
j−1∏
k=1
∏
a∈Ik
[ua − v]
[ua − v + 1]
∣∣∣∣∣∣
±
N∏
l=j+1
∏
b∈Il
[ub − v − 1]
[ub − v]
∣∣∣∣∣∣
±
ξI , (4.11)
E±j+1,j(1/w, P )ξI =
∑
i∈Ij+1
[Pj,j+1 − ui + v][1]
[Pj,j+1][ui − v]
∣∣∣∣
±
∏
k∈Ij+1
6=i
[ui − uk + 1]
[ui − uk]
ξIi′ , (4.12)
F±j,j+1(1/w, P )ξI =
∑
i∈Ij
[Pj,j+1 + λj − λj+1 + ui − v − 1][1]
[Pj,j+1 + λj − λj+1 − 1][ui − v]
∣∣∣∣
±
∏
k∈Ij
6=i
[uk − ui + 1]
[uk − ui]
ξI′i ,(4.13)
where w = q2v, zi = q
2ui (i = 1, · · · , n), I = (I1, · · · , IN ), and I
i′ ∈ I(λ1,··· ,λj+1,λj+1−1,··· ,λN ) and
I
′i ∈ I(λ1,··· ,λj−1,λj+1+1,··· ,λN ) are defined by
(Ii
′
)j = Ij ∪ {i}, (I
i′)j+1 = Ij+1 − {i}, (I
i′)k = Ik (k 6= j, j + 1),
(I
′i)j = Ij − {i}, (I
′i)j+1 = Ij+1 ∪ {i}, (I
′i)k = Ik (k 6= j, j + 1).
The symbols |± distinguish contributions from the plus- and the minus-half-currents and specify
their expansion directions as
[s+ v]
[s][v]
∣∣∣∣
+
= w
s
r
Θp(q
2sw)
Θp(q2s)Θp(w)
expand in w
[s+ v]
[s][v]
∣∣∣∣
−
= (pw)
s
r
Θp(pq
2sw)
Θp(q2s)Θp(pw)
= −w
s
r
Θp(q
−2s/w)
Θp(q−2s)Θp(1/w)
expand in 1/w.
A proof is given in Appendix B.
Example. Let us consider the case N = 3, n = 5, λ = (2, 2, 1). We use the abbrevi-
ation ξµ1µ2µ3µ4µ5 = ξIµ1µ2µ3µ4µ5 , as well as L̂
+
ij(1/w) = (πz1 ⊗ · · · ⊗ πzn)∆
′(4)(L̂+ij(1/w)) on
V̂z1 ⊗˜ · · · ⊗˜ V̂z4 . Noting I
max = I32211 ∈ Iλ, let us consider the action on ξ32211.
• K+3 (1/w): from Theorem 2.2 and Proposition 4.1, we obtain
K+3 (1/w)ξ32211 = L̂
+
33(1/w)ξ32211 = b¯(u2 − v)b¯(u3 − v)b¯(u4 − v)b¯(u5 − v)ξ32211.
• E+3,2(1/w, P ): similarly we have
L̂+32(1/w)ξ32211 = c¯(u1 − v, P2,3)b¯(u2 − v)b¯(u3 − v)b¯(u4 − v)b¯(u5 − v)ξ22211.
Note that I22211 is the maximal partition in I(2,3,0). We also obtain
L̂+33(1/w)ξ22211 = b¯(u1 − v)b¯(u2 − v)b¯(u3 − v)b¯(u4 − v)b¯(u5 − v)ξ22211.
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Hence
E+3,2(1/w, P )ξ32211 = L̂
+
33(1/w)
−1L̂+32(1/w)ξ32211 =
c(u1 − v, P2,3)
b¯(u1 − v)
ξ22211.
• F+2,3(1/w, P ): similaly we obtain
L̂+23(1/w)ξ32211 = c(u2 − v, P2,3 − 1)b¯(u4 − v)b¯(u5 − v)ξ33211
+b¯(u2 − v)c(u3 − v, P2,3)b¯(u4 − v)b¯(u5 − v)v32311.
Again note that I33211 is the maximal partition in I(2,1,2). From (4.1) we have
v32311 =
1
b¯(u23)
ξ32311 −
c(u23, P2,3 − 1)
b¯(u23)
ξ33211.
Substituting this and using the identity
c(u2 − v, P2,3 − 1)− b¯(u2 − v)
c(u23, P2,3 − 1)
b¯(u23)
c(u3 − v, P2,3) =
c(u2 − v, P2,3)
b¯(u32)
b¯(u3 − v),
we obtain
L̂+23(1/w)ξ32211 =
c(u2 − v, P2,3)
b¯(u32)
b¯(u3 − v)b¯(u4 − v)b¯(u5 − v)ξ33211
+b¯(u2 − v)
c(u3 − v, P2,3)
b¯(u23)
b¯(u4 − v)b¯(u5 − v)ξ32311,
where uij = ui − uj . Hence
F+2,3(1/w, P )ξ32211 = L̂
+
23(1/w)L̂
+
33(1/w)
−1ξ32211
=
c(u2 − v, P2,3)
b¯(u2 − v)
1
b¯(u32)
ξ33211 +
c(u3 − v, P2,3)
b¯(u3 − v)
1
b¯(u23)
ξ32311.
• K+2 (1/w): let us consider the action
L̂+22(1/w)ξ32211 = b(u1 − v, P2,3)b¯(u4 − v)b¯(u5 − v)ξ32211
+c¯(u1 − v, P2,3)c(u2 − v, P2,3 + 1)b¯(u4 − v)b¯(u5 − v)v23211
+c¯(u1 − v, P2,3)b¯(u2 − v)c(u3 − v, P2,3 + 2)b¯(u4 − v)b¯(u5 − v)v22311.
On the other hand we have
F+2,3(1/w, P )K
+
3 (1/w)E
+
3,2(1/w, P )ξ32211
= c(u1 − v, P2,3)
c¯(u1 − v, P2,3)
b¯(u1 − v)
b¯(u4 − v)b¯(u5 − v)ξ32211
+c¯(u1 − v, P2,3)c(u2 − v, P2,3 + 1)b¯(u4 − v)b¯(u5 − v)v23211
+c¯(u1 − v, P2,3)b¯(u2 − v)c(u3 − v, P2,3 + 2)b¯(u4 − v)b¯(u5 − v)v22311.
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Therefore
K+2 (1/w)ξ32211 =
(
L̂+22(1/w) − F
+
2,3(1/w, P )K
+
3 (1/w)E
+
3,2(1/w, P )
)
ξ32211
=
b¯(u4 − v)b¯(u5 − v)
b¯(−u1 + v)
ξ32211.
The last equality follows from the identity
b(u1 − v, P2,3)− c(u1 − v, P2,3)
c¯(u1 − v, P2,3)
b¯(u1 − v)
=
1
b¯(−u1 + v)
.
Furthermore noting the formula
[s+ u]
[s][u]
∣∣∣∣
+
−
[s+ u]
[s][u]
∣∣∣∣
−
=
1
[0]′
δ(w) (4.14)
and using Propositions 2.6 and 2.11 we obtain the following level-0 action of the elliptic currents
of Uq,p(ŝlN ) on the GT basis.
Corollary 4.8.
H±j (q
j−N+1/w)ξI = ̺
∏
a∈Ij
[ua − v + 1]
[ua − v]
∣∣∣∣∣∣
±
∏
b∈Ij+1
[ub − v − 1]
[ub − v]
∣∣∣∣∣∣
±
e−Qαj ξI ,
Ej(q
j−N+1/w)ξI =
µ∗[1]
[0]′
∑
i∈Ij+1
δ(zi/w)
∏
k∈Ij+1
6=i
[ui − uk + 1]
[ui − uk]
e−Qαj ξIi′ ,
Fj(q
j−N+1/w)ξI =
µ[1]
[0]′
∑
i∈Ij
δ(zi/w)
∏
k∈Ij
6=i
[uk − ui + 1]
[uk − ui]
ξI′i .
In the trigonometric and non-dynamical limit, the combinatorial structures of the formulas in
this Corollary are the same as those in the geometric representation of Uq(ŝlN ) on the equivariant
K-theory of the quiver variety of type AN−1 obtained by Ginzburg and Vasserot [20, 55], and
by Nakajima [41]. One can directly check that these actions of the elliptic currents satisfy the
defining relations of the level-0 Uq,p(ŝlN ) in the same way as in [41,55]. We give a check of the
most non-trivial relation (2.33) in Appendix C.
Proposition 4.9. The finite dimensional representation given in Corollary 4.8 is an irreducible
highest weight representation with the highest weight vector ξ11···1. The elliptic analogue of the
Drinfeld polynomials of this representation are given by
P1(w) =
n∏
a=1
[ua − v + 1], Pl(w) = 1 (l = 2, · · · , N − 1). (4.15)
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Proof. The statement follows from a similar argument to Theorem 4.11 in [31] and
Ej(1/w)ξ11···1 = 0 (j = 1, · · · , N − 1),
H+1 (1/w)ξ11···1 = ̺
n∏
a=1
[ua − v + 1]
[ua − v]
ξ11···1,
H+l (1/w)ξ11···1 = ξ11···1 (l = 2, · · · , N − 1).
5 Geometric Representation
5.1 Equivariant elliptic cohomology EllT (X)
For λ = (λ1, · · · , λN ) ∈ N
N , |λ| = n, let Fλ denote the partial flag variety as before and consider
the cotangent bundle X = T ∗Fλ. Let us set T = A×C
∗, A = (C∗)n. The torus A has a natural
action on Fλ and the extra C
∗ acts on the fibers of T ∗Fλ → Fλ by multiplication with weight
~. Let E = C∗/pZ (|p| < 1). We regard the elliptic curve E as a group scheme over C. We
follow [1, 14, 15, 17, 19, 46] for the definition of the T -equivariant elliptic cohomology EllT (X).
The basic facts on EllT (X) are summarized as follows.
(1) The T -equivariant elliptic cohomology, EllT (X), is a functor from finite T -spaces X to
superschemes, covariant in both T and X, satisfying a set of axioms ( [19], 4.1 in [15]
and 2.1.2 in [1] ). In particular, EllT (X) is a scheme over EllT (pt) ∼= E
n × E. Moreover
associated with a construction of X as a hyper-Ka¨hler quotient
T ∗P
(
N−1⊕
l=1
Hom(Cλ
(l)
,Cλ
(l+1)
)
)
//G
with G =
∏N−1
l=1 GL(λ
(l),C), we have a collection of tautological vector bundles {Cλ
(l)
} of
rk = λ(l) (l = 1, · · · , N − 1) over X and a map
EllT (X)→ EllT (pt)× E
(λ(1)) × · · · × E(λ
(N−1)), (5.1)
where E(m) = Em/Sm denotes the symmetric product of E. This map is expected to be
an embedding near the origin of EllT (pt) (2.2 in [1]).
(2) The Thom class map Θ : KT (X) → Pic(EllT (X)) is a map of a T -equivariant complex
vector bundle ξ to a line bundle LξT over EllT (X). The line bundle L
ξ
T is called the Thom
sheaf of ξ. See 2.3.2 in [1] and Definition 6.1 in [15].
(3) Let f : X → Y be a holomorphic map of T -spaces. Pull-back in the elliptic cohomology is
the contravariant functoriality map Ell(f) : EllT (X)→ EllT (Y ) ( (1.7.4) in [17] and 2.3.1
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in [1]). If f is proper, pushforward is a morphism
f∗ : Ell(f)∗Θ(−Nf )→ OEllT (Y )
of sheaves on EllT (Y ), where Nf = f
∗TY − TX ∈ KT (X). See (2.3.2) in [17] and (11)
in [1].
(4) The dynamical parameter dependence is introduced by extending EllT (X) to
ET (X) := EllT (X) × EPicT (X)
where
EPicT (X) = PicT (X)⊗Z E,
as a scheme over BT,X = EllT (pt) × EPicT (X). The variables in the two factors of BT,X ,
z1, · · · , zn, ~ in EllT (pt) ∼= E
n × E and Π∗j,j+1 (1 ≤ j ≤ N − 1) in EPicT (X), are called
the equivariant and the Ka¨hler parameters, respectively. See 2.4.3 in [1]. In Sec.5.3, we
identify Π∗j,j+1 with the dynamical parameters.
(5) EPicT (X) and E
∨
PicT (X)
:= Hom(PicT (X), E) are dual abelian varieties each other. Hence
there exists a universal line bundle UPoincare´ over E
∨
PicT (X)
× EPicT (X). By using a map
c˜ : EllT (X)→ E
∨
PicT (X)
,
which is obtained from the Chern class of line bundles over X (2.4.1 in [1]), one obtains a
line bundle U on ET (X) as
U = (c˜× 1)∗ UPoincare´.
5.2 Elliptic stable envelopes
5.2.1 Chamber structure
Let Homgrp(C
∗, A) be the space of one parameter subgroups ρ in A and Homgrp(C
∗, A)⊗Z R ⊂
Lie A be its real form. The latter space can be decomposed into finitely many chambers C
defined as a connected component of the compliment of the union of hyperplanes given by ρ
such that Xρ(C
∗) 6= XA [42].
The A-fixed points on X are described by the partitions in Iλ. Let X
A be the A-fixed point
locus in X and XA =
⊔
I∈Iλ
FI a decomposition to connected components. Let ρ ∈ C. For every
S ⊂ XA we define its attracting set
Attr(S) = {(x, s), s ∈ S, lim
t→0
ρ(t)x = s } ⊂ X ×XA,
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and denote by Attrf (S) the full attracting set, which is the minimal closed subset of X that
contains the diagonal S×S and is closed under taking Attr(·). We then define a partial ordering
on {FI} by
FJ ≤ FI ⇔ Attr
f (FI) ∩ FJ 6= ∅.
5.2.2 Definition
For a pair (µ, ν), µ ∈ char(T ) = Hom(EllT (pt), E), ν ∈ PicT (X) = Hom(E, EPicT (X)), let ς
denote the automorphism of BT,X
ς(µν) : (z,Π∗) 7→ (z, ν(µ(z))Π∗).
Let ι : XA → X be the inclusion map, which is proper. For each chamber C of LieA, one
can consider the polarization T 1/2X ∈ KT (X) of X and its restriction T
1/2X|XA to X
A. Let us
denote by ind := T 1/2X|XA,>0 the attracting part of T
1/2X|XA . We have
det ind ∈ PicT (X
A)
and a translation
ς(−~det ind) : BT,XA → BT,XA.
For the line bundle UEllT (XA) on EllT (X
A)× EPicT (X) we set
U ′ = (1× ι∗)∗ς(−~det ind)∗ UEllT (XA),
where ι∗ is the pull-back of line bundles from X to XA.
The elliptic stable envelop StabC is defined to be a map of OBT,X -modules
Θ(T 1/2XA)⊗ U ′ → Θ(T 1/2X)⊗ U ⊗ · · · ,
where Θ(T 1/2X) denotes the Thom sheaf of a polarization, and · · · stands for a certain line
bundle pulled back from
B′ = BT,X/EllA(pt).
StabC is subjected to the following two conditions (3.3.4 in [1]).
(i) (triangularity) Let sK be an elliptic cohomology class supported on FK locally over BT,X .
Then StabC(sK) is supported on Attr
f (FK). In particular if FK < FI we have
StabC(sK)|FI = 0.
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(ii) (normalization) Near the diagonal in X × FK , we have
StabC = (−1)
rk ind j∗π
∗,
where
FK
π
←− Attr(FK)
j
−→ X
are the natural projection and inclusion maps.
5.3 Direct comparison with the elliptic weight functions
In this and the following subsections, we consider the elliptic weight functions WI(t, z,Π
∗)
obtained from WI(t, z,Π) in (3.6) by replacing Πj,l = q
2(P+h)j,l by Π∗j,l = q
2Pj,l , which also
satisfy all the properties in Sec. 3 under the same replacement.
The symmetry structure in the target of (5.1) coincides with the one of the elliptic weight
function WI(t, z,Π
∗) with respect to the variables t
(l)
a (l = 1, · · · , N − 1, a = 1, · · · , λ(l)). This
suggests that {t
(l)
a } can be identified with the Chern roots of the tautological vector bundles
over X [3]. This structure as well as the quasi periodicity in Proposition 3.5 allow us to identify
the elliptic weight functions WI(t, z,Π
∗) with meromorphic sections of line bundles over ET (X)
near the origin of BT,X .
More precicely one can compare the elliptic weight functionsWσ0(I)(t˜, σ0(z
−1),Π∗−1), where
t˜ denotes a set of t-variables associated with the partition σ0(I), with the abelianization formula
of the elliptic stable envelopes [1, 48].
Let G be a reductive group acting on a vector space M . It induces the hamiltonian action
on T ∗M . Let µG be the corresponding moment map. Let S ⊂ G be the maximal torus and let
πS : (Lie G)
∗ → (Lie S)∗ be a projection, and set µS = πS ◦ µG. For the hyper-Ka¨ler quotient
X = µ−1G (0)//G,
the associated abelian quotient
XS = µ
−1
S (0)//S
is a hypertoric variety called the abelianization of X.
Let λ = (λ1, · · · , λN ) ∈ N
N , I ∈ Iλ and λ
(l) = λ1 + · · · + λl, I
(l) = {i
(l)
1 < · · · < i
(l)
λ(l)
} (l =
1, · · · , N) as in Sec.3.1.
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5.3.1 The case X = T ∗P(C(λ
(l+1)))
We follow a construction of StabC for X given in 3.4 from [1]. For a ∈ [1, λ
(l)], let us fix a
variable t
(l)
a and regard it as the coordinate on GL(1)/pZ = E = E∨. The variable t
(l)
a gives the
Chern root of the line bundle O(1) over X. We denote by Π∗l,l+1 = q
2Pl,l+1 the Ka¨hler parameter
dual to t
(l)
a .
Let us take a basis {e
i
(l+1)
b
(b = 1, · · · , λ(l+1))} of Cλ
(l+1)
, on which the torus A(l+1) acts as
diag(t
(l+1)
1 , · · · , t
(l+1)
λ(l+1)
). Hence F
i
(l+1)
b
= Ce
i
(l+1)
b
(b = 1, · · · , λ(l+1)) give the A(l+1)-fixed points.
We chose the chamber C(l+1) such that
F
i
(l+1)
1
> F
i
(l+1)
2
> · · · > F
i
(l+1)
λ(l+1)
.
Let φ(l) : [1, λ(l)]→ [1, λ(l+1)] be a map defined by i
(l+1)
φ(l)(a)
= i
(l)
a . For a ∈ [1, λ(l)], the elliptic
stable envelopes StabC(l+1)(Fφ(l)(a)) for X = T
∗
P(Cλ
(l+1)
) is then given by
f (l)(t(l)a , t
(l+1),Π∗l,l+1q
2(λ(l+1)−φ(l)(a)))
=
[−v
(l+1)
φ(l)(a)
+ v
(l)
a + Pl,l+1 + λ
(l+1) − φ(l)(a)]
[Pl,l+1 + λ(l+1) − φ(l)(a)]
×
λ(l+1)∏
b=1
b<φ(l)(a)
[v
(l+1)
b − v
(l)
a ]
λ(l+1)∏
b=1
b>φ(l)(a)
[v
(l+1)
b − v
(l)
a + 1], (5.2)
where we set t
(l)
a = q2v
(l)
a , t
(l+1)
a = q2v
(l+1)
a , t(l+1) = (t
(l+1)
1 , · · · , t
(l+1)
λ(l+1)
), and made an identification
~ = q−2.
Let us compare this with (3.9). Let I˜ = σ0(I) with I˜
(l) = {ı˜
(l)
1 < · · · < ı˜
(l)
λ(l)
} (l = 1, · · · , N)
and consider the variables t˜
(l)
a ≡ t(˜ı
(l)
a ). Then one finds
ı˜(l)a = σ0
(
i
(l)
σ
(l)
0 (a)
)
, (5.3)
where σ
(l)
0 ∈ Sλ(l) denotes the longest element. Furthermore for a map φ˜
(l) : [1, λ(l)]→ [1, λ(l+1)]
such that ı˜
(l+1)
φ˜(l)(a)
= ı˜
(l)
a , we have
φ˜(l)(σ
(l)
0 (a)) = σ
(l+1)
0 (φ
(l)(a)). (5.4)
We then find that (5.2) coincides with
u
(l)
σ0(I)
(t˜
(l)
a˜ , t˜
(l+1),Π∗−1l,l+1q
−2(φ˜(l)(a˜)−1))
from (3.9) under the identification a˜ = σ
(l)
0 (a), b˜ = σ
(l+1)
0 (b), t
(l)
a = t(i
(l)
a ), t
(l+1)
b = t(i
(l+1)
b ),
t
(l)
a = t˜
(l)
a˜ , t
(l+1)
b = t˜
(l+1)
b˜
and in particular t
(N)
a = z
−1
σ0(a)
. This is due to the identity
φ˜(l)(a˜)− 1 = λ(l+1) − φ(l)(a), (5.5)
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and the equality such as
λ(l+1)∏
b˜=1
ı˜
(l+1)
b˜
<ı˜
(l)
a˜
[v˜
(l+1)
b˜
− v˜
(l)
a˜ + 1] =
λ(l+1)∏
b=1
b>φ(l)(a)
[v
(l+1)
b − v
(l)
a + 1], (5.6)
which follows from
ı˜
(l+1)
b˜
< ı˜
(l)
a˜ ⇔ b˜ < φ˜
(l)(a˜) ⇔ b > φ(l)(a).
5.3.2 The case X = T ∗Gr(λ(l), λ(l+1))
We follow 4.4 in [1]. For each l (l = 1, · · · , N − 1), let S(l) = diag(t
(l)
1 , · · · , t
(l)
λ(l)
) ⊂ GL(λ(l)) be
the maximal torus. The abelianization XS(l) of X is given by
XS(l) = (T
∗
P(Cλ
(l+1)
))λ
(l)
.
Correspondingly the product
StabS
(l)
C(l+1)
(FI(l)) =
λ(l)∏
a=1
f (l)(t(l)a , t
(l+1),Π∗l,l+1q
2Cl,l+1(i
(l)
a ))
gives the elliptic stable envelopes for XS(l) . Here FI(l) = SpanC{ ei(l+1)b
| i
(l+1)
b = i
(l)
a (a =
1, · · · , λ(l))} = SpanC{ ei(l)a
(a = 1, · · · , λ(l))} are the A(l+1)-fixed points, and t
(l)
a ’s are identified
with the Chern roots of the tautological bundle over X. The dynamical shift Cl,l+1(i
(l)
a ) is given
by
Cl,l+1(i
(l)
a ) = 2(λ
(l) − a)− λ(l+1) + φ(l)(a). (5.7)
Note that this is identical to the one in Proposition 3.1 for i
(l)
a = s, µs = l.
Then the abelianization formula [1, 48] gives the stable envelopes StabC(l+1)(FI(l)) for X in
terms of StabS
(l)
C(l+1)
(FI(l)) as follows.
StabC(l+1)(FI(l)) = Symt(l)
StabS
(l)
C(l+1)
(FI(l))∏
1≤a<b≤λ(l) [v
(l)
a − v
(l)
b ][v
(l)
b − v
(l)
a − 1]
.
In particular, the case N = 2, where λ(2) = n and t
(2)
b = z
−1
b , we have for a ∈ [1, λ
(1)]
f (1)(t(1)a , z
−1,Π∗1,2q
2C1,2(i
(1)
a ))
=
[us + v
(1)
a + P1,2 + C1,2(i
(1)
a )]
[P1,2 + C1,2(i
(1)
a )]
∏
1≤b<φ(1)(a)
[ub + v
(1)
a ]
∏
φ(1)(a)<b≤n
[ub + v
(1)
a − 1].
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The resultant StabC(2)(FI(1)) is the elliptic stable envelope for T
∗Gr(λ(1), n) given in (60) from [1].
Combining this with the identification between f (l) and u
(l)
σ0(I)
for l = 1 in the last subsection,
we find
StabC(2)(FI(1)) =Wσ0(I)(t˜, σ0(z
−1),Π∗−1),
where t˜ = (t˜
(l)
a ) (l = 1, 2, a = 1, · · · , λ(1)).
5.3.3 The case X = T ∗Fλ
Let N > 2. The partial flag variety Fλ = F(λ
(1), · · · , λ(N−1), n) is given by a hyper-Ka¨hler
quotient
Fλ = P
(
N−1⊕
l=1
Hom(Cλ
(l)
,Cλ
(l+1)
)
)
//G
by the action of G =
∏N−1
l=1 GL(λ
(l),C), and has a description as a tower of Grassmannian
bundles [3]
Gr(λ(l), λ(l+1)) → F(λ(l), λ(l+1), · · · , λ(N−1), n) = Gr(λ(l),Sl+1)
↓
F(λ(l+1), · · · , λ(N−1), n),
where S1 ⊂ S2 ⊂ · · · ⊂ SN−1 ⊂ C
n ⊗ OF denotes the universal bundle. Correspondingly, the
abelianization (Fλ)S of Fλ by S =
∏N−1
l=1 S
(l) ⊂ G is a tower of product-of-projective-space
bundles:
(Pλ
(l+1)−1)λ
(l)
→ Fl = P(Vl+1)×Fl+1 · · · ×Fl+1 P(Vl+1)
↓
Fl+1,
where Fl is the abelianization of F(λ
(l), λ(l+1), · · · , λ(N−1), n), and
Vl+1 =
λ(l+1)⊕
j=1
O(0, · · · , 0,
j
−1, 0, · · · , 0).
is the vector bundle on Fl+1 corresponding to Sl+1. The abelianization XS of X = T
∗Fλ
containes T ∗(Fλ)S as a dense open subset, and is obtained by gluing together the flopped
versions of T ∗(Fλ)S (5.1.2 in [48]).
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For I = Iµ1,··· ,µn ∈ Iλ, let FI denote the A = diag(z1, · · · , zn)-fixed point 0 ⊂ FI(1) ⊂ · · · ⊂
FI(N−1) ⊂ C
n and {t
(l)
a } be the Chern roots of the tautological bundle over X. We choose the
chamber C consistently to the choice of C(l+1) for T ∗Gr(λ(l), λ(l+1)) (l = 1, · · · , N − 1). Namely
zb/za > 0 ⇔ a < b.
Then the elliptic stable envelop for XS is given by
StabSC(FI) =
N−1∏
l=1
λ(l)∏
a=1
f (l)
(
t(l)a , t
(l+1),Π∗µ
i
(l)
a
,l+1q
2Cµ
i
(l)
a
,l+1(i
(l)
a )
)
. (5.8)
Here we defined for s ∈ I(l), µs ≤ l,
Π∗µs,l+1 :=
l∏
k=µs
Π∗k,k+1, q
2Cµs,l+1(s) :=
l∏
k=µs
q2Ck,k+1(s) (5.9)
with Ck,k+1(s) given in (5.7) for s = i
(l)
a . The factor
λ(l)∏
a=1
f (l)
(
t(l)a , t
(l+1),Π∗µ
i
(l)
a
,l+1q
2Cµ
i
(l)
a
,l+1(i
(l)
a )
)
is a contribution from T ∗Gr(λ(l), λ(l+1)) with the Ka¨hler parameters Π∗µ
i
(l)
a
,l+1 dual to t
(l)
a . Note
that for N > 2, µ
i
(l)
a
in general takes a value in the range [1, l] corresponding to the embedding
structure FI(1) ⊂ · · · ⊂ F
I
(µ
i
(l)
a
) ⊂ · · · ⊂ FI(l) ⊂ FI(l+1) . The formulas in (5.9) are then natural in
the sense that the Ka¨hler parameters as well as their dynamical shift q
2Cµ
i
(l)
a
,l+1(i
(l)
a )
are given as
built-up contributions from a sequence of the Grassmannians filling a gap between F
I
(µ
i
(l)
a
) and
FI(l+1) . Note that the resultant Cµs,l+1(s) coincides with the one in Proposition 3.1.
Then again the abelianization formula [1,48] yields the following expression of StabC(FI) for
X = T ∗Fλ.
StabC(FI) = Symt(1) · · · Symt(N−1)
StabSC(FI)∏N−1
l=1
∏
1≤a<b≤λ(l) [v
(l)
a − v
(l)
b ][v
(l)
b − v
(l)
a − 1]
= Symt(1) · · · Symt(N−1)
N−1∏
l=1
∏λ(l)
a=1 f
(l)(t
(l)
a , t(l+1),Π∗µ
i
(l)
a
,l+1q
2Cµ
i
(l)
a
,l+1(i
(l)
a )
)∏
1≤a<b≤λ(l) [v
(l)
a − v
(l)
b ][v
(l)
b − v
(l)
a − 1]
.
(5.10)
Under the same identification as in the previous subsections, we thus obtain
StabC(FI) =Wσ0(I)(t˜, σ0(z
−1),Π∗−1). (5.11)
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5.3.4 Restriction to the fixed points
For J ∈ Iλ, let us consider the restriction to the fixed point FJ i.e. the specialization t = z
−1
J
given by
t(l)a = z
−1
j
(l)
a
(l = 1, · · · , N − 1, a = 1, · · · , λ(l)).
From (5.10) we obtain
StabC(FI)|FJ = Symt(1) · · · Symt(N−1)
N−1∏
l=1
∏λ(l)
a=1 f
(l)(t
(l)
a , t(l+1),Π∗µ
i
(l)
a
,l+1q
2Cµ
i
(l)
a
,l+1(i
(l)
a )
)|t=z−1J∏
1≤a<b≤λ(l) [uj(l)a
− u
j
(l)
b
][u
j
(l)
b
− u
j
(l)
a
+ 1]
,
where
f (l)(t(l)a , t
(l+1),Π∗µs,l+1q
2Cµs,l+1(s))|t=z−1J
=
[u
j
(l+1)
b
− u
j
(l)
a
+ Pµs,l+1 + Cµs,l+1(s)]
[Pµs ,l+1 + Cµs,l+1(s)]
∣∣∣∣∣
i
(l+1)
b
=i
(l)
a =s
×
λ(l+1)∏
b=1
i
(l+1)
b
<s
[u
j
(l+1)
b
− u
j
(l)
a
]
λ(l+1)∏
b=1
i
(l+1)
b
>s
[u
j
(l+1)
b
− u
j
(l)
a
− 1].
This is an elliptic and dynamical analogue of the formula in Theorem 5.2.1 in [48].
By using the identification (5.11) and the equivalence of the specializations
t = z−1J ⇔ t˜ = σ0(z
−1)σ0(J), i.e. t
(l)
a = z
−1
j
(l)
a
⇔ t˜
(l)
a˜ = z
−1
σ0(˜
(l)
a˜ )
,
where J˜ = σ0(J), we obtain the following identification.
StabC(FI)|FJ = Wσ0(I)(σ0(z
−1)σ0(J), σ0(z
−1),Π∗−1)
= Wσ0(I)(z
−1
J , σ0(z
−1),Π∗−1), (5.12)
where in the second equality we used the identity
WI(σ(z)σ(J), z,Π
∗) =WI(zJ , z,Π
∗) ∀I, J ∈ Iλ, ∀σ ∈ Sn.
5.4 Geometric representation
Let X = T ∗Fλ and fix a chamber C as above. By definition, the stable classes StabC(FK)
(K ∈ Iλ) are triangular with respect to the fixed point classes {[I]}I∈Iλ in ET (X). See 3.3.4
in [1]. Namely we have the following expansion formula
StabC(FK) =
∑
I∈Iλ
StabC(FK)|FI
R(z−1I )
[I]. (5.13)
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Here we chose a normalization by R(zI) given in Proposition 3.4 for later convenience. We
regard this as the definition of the fixed point classes.
From (5.12), we have
StabC(FK)|FI =Wσ0(K)(z
−1
I , σ0(z
−1),Π∗−1). (5.14)
Note also that by the replacement z 7→ z−1 and Π 7→ Π∗−1 one can rewrite Proposition 3.4 as
∑
I∈Iλ
WJ(z
−1
I , z
−1,Π∗q2
∑n
j=1<ǫ¯µj ,h>)Wσ0(K)(z
−1
I , σ0(z
−1),Π∗−1)
Q(z−1I )R(z
−1
I )
= δJ,K .
Then using this and (5.14) one can invert (5.13) and obtain
[I] =
∑
J∈Iλ
W˜J(z
−1
I , z
−1,Π∗q2
∑n
j=1<ǫ¯µj ,h>) StabC(FJ). (5.15)
Comparing this with Theorem 4.5, we find that (5.15) is identical to the relation (4.2) under
the correspondence
the Gelfand-Tsetlin base ξI ⇔ the fixed point class [I],
the standard base vJ ⇔ the stable class StabC(FJ ).
On the basis of this correspondence as well as Theorem 4.7 and Corollary 4.8, we obtain the
following statement on the level-0 action of Eq,p(ĝlN ) and Uq,p(ŝlN ) on ET (X).
Theorem 5.1. Under the same notation as Theorem 4.7, let us define the action of the half-
currents K±j (1/w), E
±
j+1,j(1/w, P ), F
±
j,j+1(1/w, P ) on the fixed point classes by
K±j (1/w)[I] =
j−1∏
k=1
∏
a∈Ik
[ua − v]
[ua − v + 1]
∣∣∣∣∣∣
±
N∏
l=j+1
∏
b∈Il
[ub − v − 1]
[ub − v]
∣∣∣∣∣∣
±
[I], (5.16)
E±j+1,j(1/w, P )[I] =
∑
i∈Ij+1
[Pj,j+1 − ui + v][1]
[Pj,j+1][ui − v]
∣∣∣∣
±
∏
k∈Ij+1
6=i
[ui − uk + 1]
[ui − uk]
[Ii
′
], (5.17)
F±j,j+1(1/w, P )[I] =
∑
i∈Ij
[Pj,j+1 + λj − λj+1 + ui − v − 1][1]
[Pj,j+1 + λj − λj+1 − 1][ui − v]
∣∣∣∣
±
∏
k∈Ij
6=i
[uk − ui + 1]
[uk − ui]
[I
′i].(5.18)
Then this gives an irreducible finite-dimensional representation of Eq,p(ĝlN ) on ET (X).
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Corollary 5.2. The level-0 action of Uq,p(ŝlN ) on ET (X) is given by
H±j (q
j−N+1/w)[I] = ̺
∏
a∈Ij
[ua − v + 1]
[ua − v]
∣∣∣∣∣∣
±
∏
b∈Ij+1
[ub − v − 1]
[ub − v]
∣∣∣∣∣∣
±
e−Qαj [I],
Ej(q
j−N+1/w)[I] =
µ∗[1]
[0]′
∑
i∈Ij+1
δ(zi/w)
∏
k∈Ij+1
6=i
[ui − uk + 1]
[ui − uk]
e−Qαj [Ii
′
],
Fj(q
j−N+1/w)[I] =
µ[1]
[0]′
∑
i∈Ij
δ(zi/w)
∏
k∈Ij
6=i
[uk − ui + 1]
[uk − ui]
[I
′i].
Remark. Similar correspondences between the Gelfand-Tsetlin basis and the fixed point classes
were studied in [8,9,26,38,51]. In [38] for the level-(0,1) representation of the quantum toroidal
algebra of type A, the Gelfand-Tsetlin basis on the q-Fock space [52] was identified with the
fixed point basis of the equivariant K-theory of corresponding cyclic quiver variety [53]. Affine
Yangian analogue of this result was obtained in [26]. In [8,9,51], certain geometric actions of the
universal enveloping algebra U(glN ) on the Laumon spaces, of the affine Yangian of type A
(1)
N−1
on the affine Laumon spaces and of the quantum toroidal algebra U¨q(ŝlN ) on the K-theory of
the affine Laumon spaces were constructed, respectively.
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A The H-Hopf algebroid structure of Eq,p(ĝlN) and Uq,p(ĝlN)
We summarize an H-Hopf algebroid structure based on the opposite coproduct to the one used
in the previous papers [31, 32]. This opposite H-Hopf algebroid structure is used in Sec.4 to
construct the finite dimensional representations of Eq,p(ĝlN ) and Uq,p(ĝlN ).
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Let A denote Eq,p(ĝlN ) or Uq,p(ĝlN ). The A is bi-graded over H
∗ by
A =
⊕
α,β∈H∗
Aα,β
Aα,β =
{
x ∈ A
∣∣∣ qP+hxq−(P+h) = q<α,P+h>x, qPxq−P = q<β,P>x ∀P + h, P ∈ H} ,
and possesses two moment maps µl, µr : F→ A0,0 defined by
µl(f̂) = f(P + h, p) ∈ F[[p]], µr(f̂) = f(P, p
∗) ∈ F[[p]].
The µl and µr satisfy
µl(f̂)a = aµl(Tαf̂), µr(f̂)a = aµr(Tβ f̂), a ∈ Aα,β, f̂ ∈ F,
where Tα = e
α ∈ C[RQ] denotes the automorphism of F
Tαf̂ = e
αf(P,P + h)e−α = f(P+ < α,P >,P + h+ < α,P >).
Hence both Eq,p(ĝlN ) and Uq,p(ĝlN ) are the H-algebras [6, 27,32].
Let A and B be two H-algebras. The tensor product A⊗˜B is the H∗-bigraded vector space
with
(A⊗˜B)αβ =
⊕
γ∈H∗
(Bγβ ⊗F Aαγ), (A.1)
where ⊗F denotes the usual tensor product modulo the following relation.
µBl (f̂)b⊗ a = b⊗ µ
A
r (f̂)a, a ∈ A, b ∈ B, f̂ ∈ F. (A.2)
The tensor product A⊗˜B is again an H-algebra with the multiplication (b⊗ a)(d⊗ c) = bd⊗ ac
(a, c ∈ A, b, d ∈ B) and the moment maps
µA⊗˜Bl = 1⊗ µ
A
l , µ
A⊗˜B
r = µ
B
r ⊗ 1. (A.3)
We also consider the H-algebra of the shift operators [6]
D = {
∑
α
f̂αTα | f̂α ∈MH∗ , α ∈ RQ },
Dα,α = { f̂T−α }, Dα,β = 0 (α 6= β),
µDl (f̂) = µ
D
r (f̂) = f̂T0 f̂ ∈MH∗ .
Then we have the H-algebra isomorphism
A ∼= A⊗˜D ∼= D ⊗˜A. (A.4)
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The two H-algebras Eq,p(ĝlN ) and Uq,p(ĝlN ) are equipped with the common H-Hopf alge-
broid structure [32] defined by the two H-algebra homomorphisms, the co-unit ε : A → D and
the (oposit) co-multiplication ∆′ : A → A⊗˜A
ε(L̂+i,j(z)) = δi,jTQǫ¯i (n ∈ Z), ε(e
Q) = eQ, (A.5)
ε(µl(f̂)) = ε(µr(f̂)) = f̂T0, (A.6)
∆′(L̂+i,j(z)) =
∑
k
L̂+k,j(z) ⊗˜ L̂
+
i,k(z), (A.7)
∆′(eQ) = eQ ⊗˜ eQ, (A.8)
∆′(µl(f̂)) = 1⊗˜µl(f̂), ∆
′(µr(f̂)) = µr(f̂)⊗˜1, (A.9)
and the algebra antihomomorphism S : A → A
S(L̂+ij(z)) = (L̂
+(z)−1)ij ,
S(eQ) = e−Q, S(µr(fˆ)) = µl(fˆ), S(µl(fˆ)) = µr(fˆ).
B Proof of Theorem 4.7
In this section we prove that the action of the half-currents (4.11)-(4.13) satisfies the defining
relations of the elliptic algebra Eq,p(ĝlN ) at k = 0. From Lemma 6.10 in [32] it is enough to show
the following relations, which are the dynamical counterpart of those listed in Sec.C.1 in [32]
through Proposition 2.11. Or one can directly derive them from (2.39) with corresponding Gauss
decomposition of the dynamical L-operator.
K+j+1(1/w1)
−1E+j+1,j(1/w2, P )K
+
j+1(1/w1)
= E+j+1,j(1/w2, P+ < ǫ¯j+1, h >)
1
b¯∗(−v12)
− E+j+1,j(1/w1, P+ < ǫ¯j+1, h >)
c∗(−v12, Pj,j+1)
b¯∗(−v12)
,
(B.1)
K+j+1(1/w1)F
+
j,j+1(1/w2, P+ < ǫ¯j+1, h >)K
+
j+1(1/w1)
−1
=
1
b¯(−v12)
F+j,j+1(1/w2, P )−
c¯(−v12, (P + h)j,j+1)
b¯(−v12)
F+j,j+1(1/w1, P ), (B.2)
1
b¯∗(v12)
E+j+1,j(1/w1, P+ < ǫ¯j+1, h >)E
+
j+1,j(1/w2, P+ < ǫ¯j , h >)
−E+j+1,j(1/w2, P+ < ǫ¯j+1, h >)E
+
j+1,j(1/w2, P+ < ǫ¯j , h >)
c∗(v12, Pj,j+1)
b¯∗(v12)
=
1
b¯∗(−v12)
E+j+1,j(1/w2, P+ < ǫ¯j+1, h >)E
+
j+1,j(1/w1, P+ < ǫ¯j, h >)
−E+j+1,j(1/w1, P+ < ǫ¯j+1, h >)E
+
j+1,j(1/w1, P+ < ǫ¯j , h >)
c∗(−v12, Pj,j+1)
b¯∗(−v12)
, (B.3)
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1b¯(−v12)
F+j,j+1(1/w1, P )F
+
j,j+1(1/w2, P )− F
+
j,l(1/w1, P )
2 c¯(−v12, (P + h)j,j+1 − 2)
b¯(−v12)
=
1
b¯(v12)
F+j,j+1(1/w2, P )F
+
j,j+1(1/w1, P )− F
+
j,j+1(1/w2, P )
2 c¯(v12, (P + h)j,j+1 − 2)
b¯(v12)
, (B.4)
E+j+1,j(1/w1, P )F
+
j,j+1(1/w2, P+ < ǫ¯j, h >)− F
+
j,j+1(1/w2, P+ < ǫ¯j+1, h >)E
+
j+1,j(1/w1, P )
= K+j (1/w2)K
+
j+1(1/w2)
−1 c¯
∗(−v12, Pj,j+1)
b¯∗(−v12)
−K+j+1(1/w1)
−1K+j (1/w1)
c¯(−v12, (P + h)j,j+1)
b¯(−v12)
, (B.5)
where wi = q
2vi (i = 1, 2) and we set v12 = v1 − v2. Note that at k = 0, p = p
∗, r = r∗, hence
b(u, P ) = b∗(u, P ), b¯(u) = b¯∗(u), c(u, P ) = c∗(u, P ), c¯(u, P ) = c¯∗(u, P ) etc.
(B.1): Noting < ǫ¯j+1, hj,j+1 >= −1, from (4.11) and (4.12) we have
LHS =
∑
k∈Ij+1
c¯(uk − v2, Pj,j+1)
b¯(uk − v2)
b¯(uk − v1)
−1
∏
l∈Ij+1
6=k
b¯(ukl)
−1ξIk′ ,
RHS =
∑
k∈Ij+1
(
c¯(uk − v2, Pj,j+1 − 1)
b¯(uk − v2)
1
b¯(−v12)
−
c¯(uk − v1, Pj,j+1 − 1)
b¯(uk − v1)
c(−v12, Pj,j+1)
b¯(−v12)
)
×
∏
l∈Ij+1
6=k
b¯(ukl)
−1ξIk′ .
Then the equality follows from the identity
c¯(−v2, s)
b¯(−v2)
b¯(−v1)
−1 =
c¯(−v2, s− 1)
b¯(−v2)
1
b¯(−v12)
−
c¯(−v1, s− 1)
b¯(−v1)
c(−v12, s)
b¯(−v12)
. (B.6)
One can prove (B.2) similarly.
(B.3): The action of the LHS on ξI yields∑
a,b∈Ij+1
a 6=b
(
[v12 + 1][P − 1− ub + v1][P + 1− ua + v2]
[v12][ub − v1][ua − v2]
−
[P + v12][1][P − 1− ub + v2][P + 1− ua + v2]
[P ][v12][ub − v2][ua − v2]
)
[uab + 1]
uab
∏
k∈Ij+1
6=a,b
b¯(uak)
−1b¯(ubk)
−1ξ(Ia′)b′
= −
[P − 1]
[P ]
∑
a,b∈Ij+1
a 6=b
[P + 1− ua + v2][v1 − ub + P ][v2 − ub − 1]
[ua − v2][ub − v1][ub − v2]
[uab + 1]
[uab]
×
∏
k∈Ij+1
6=a,b
b¯(uak)
−1b¯(ubk)
−1ξ(Ia′)b′
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where we set P = Pj,j+1 and uak = ua − uk etc. The second equality follows from the identity
[v12 + 1][P − 1− ub + v1][P ][ub − v2]− [P + v12][1][P − 1− ub + v2][ub − v1]
= −[P − 1][v12][v1 − ub + P ][v2 − ub − 1].
Similarly the RHS of (B.3) yields∑
a,b∈Ij+1
a 6=b
(
[v12 − 1][P − 1− ub + v2][P + 1− ua + v1]
[v12][ub − v2][ua − v1]
−
[P − v12][1][P − 1− ub + v1][P + 1− ua + v1]
[P ][v12][ub − v1][ua − v1]
)
[uab + 1]
uab
∏
k∈Ij+1
6=a,b
b¯(uak)
−1b¯(ubk)
−1ξ(Ia′)b′
= −
[P − 1]
[P ]
∑
a,b∈Ij+1
a 6=b
[P + 1− ua + v1][v2 − ub + P ][v1 − ub − 1]
[ua − v1][ub − v1][ub − v2]
[uab + 1]
[uab]
×
∏
k∈Ij+1
6=a,b
b¯(uak)
−1b¯(ubk)
−1ξ(Ia′)b′ .
Taking the difference between the LHS and the RHS, we obtain
−
[P − 1]
[P ]
∑
a,b∈Ij+1
a 6=b
(
[P + 1− ua + v2][v1 − ub + P ][v2 − ub − 1]
[ua − v2][ub − v1][ub − v2]
−
[P + 1− ua + v1][v2 − ub + P ][v1 − ub − 1]
[ua − v1][ub − v1][ub − v2]
)
×
[uab + 1]
[uab]
∏
k∈Ij+1
6=a,b
b¯(uak)
−1b¯(ubk)
−1ξ(Ia′)b′
=
[P − 1][P + 1][v12]
[P ]
∑
a,b∈Ij+1
a 6=b
[uab − 1][uab + 1]
[uab]
f(ua, ub)ξ(Ia′ )b′ (B.7)
where the equality follows from the identity
−[P + 1− ua + v2][v1 − ub + P ][v2 − ub − 1][ua − v1] + [P + 1− ua + v1][v2 − ub + P ][v1 − ub − 1][ua − v2]
= [P + 1][v12][uab − 1][P + v1 + v2 − ua − ub]
and we set
f(ua, ub) =
[P + v1 + v2 − ua − ub]
[ua − v1][ua − v2][ub − v1][ub − v2]
∏
k∈Ij+1
6=a,b
b¯(uak)
−1b¯(ubk)
−1.
Since f(ua, ub) = f(ub, ua) and (I
a′)b
′
= (Ib
′
)a
′
(a, b ∈ Ij+1, a 6= b), the summation in (B.7)
vanishes.
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One can prove (B.4) similarly.
(B.5): In the LHS, noting < ǫ¯j, hj,j+1 >= 1 we obtain
E+j+1,j(1/w1, P )F
+
j,j+1(1/w2, P+ < ǫ¯j, h >)ξI
=
∑
a∈Ij
c(ua − v2, Pj,j+1 + λj − λj+1)
b¯(ua − v2)
c¯(ua − v1, Pj,j+1)
b¯(ua − v1)
∏
k∈Ij
6=a
b¯(uka)
−1
∏
l∈Ij+1
b¯(ual)
−1ξI
+
∑
a∈Ij
∑
b∈Ij+1
c(ua − v2, Pj,j+1 + λj − λj+1)
b¯(ua − v2)
c¯(ub − v1, Pj,j+1)
b¯(ub − v1)
∏
k∈Ij
6=a
b¯(uka)
−1
∏
l∈Ij+1
6=b
b¯(ubl)
−1
×b¯(uba)
−1ξ(I′a)b′ , (B.8)
F+j,j+1(1/w2, P+ < ǫ¯j+1, h >)E
+
j+1,j(1/w1, P )ξI
=
∑
b∈Ij+1
c(ub − v2, Pj,j+1 + λj − λj+1)
b¯(ub − v2)
c¯(ub − v1, Pj,j+1)
b¯(ub − v1)
∏
l∈Ij+1
6=b
b¯(ubl)
−1
∏
k∈Ij
b¯(ukb)
−1ξI
+
∑
a∈Ij
∑
b∈Ij+1
c(ua − v2, Pj,j+1 + λj − λj+1)
b¯(ua − v2)
c¯(ub − v1, Pj,j+1)
b¯(ub − v1)
∏
k∈Ij
6=a
b¯(uka)
−1
∏
l∈Ij+1
6=b
b¯(ubl)
−1
×b¯(uba)
−1ξ(Ib′ )′a , (B.9)
where we set uka = uk − ua etc.. Since (I
′a)b
′
= (Ib
′
)
′a ∀a ∈ Ij,∀b ∈ Ij+1, the second terms in
(B.8) and (B.9) coincide each other. Hence we have(
E+j+1,j(1/w1, P )F
+
j,j+1(1/w2, P+ < ǫ¯j, h >)− F
+
j,j+1(1/w2, P+ < ǫ¯j+1, h >)E
+
j+1,j(1/w1, P )
)
ξI
=
∑
a∈Ij
c(ua − v2, Pj,j+1 + λj − λj+1)
b¯(ua − v2)
c¯(ua − v1, Pj,j+1)
b¯(ua − v1)
∏
k∈Ij
6=a
b¯(uka)
−1
∏
l∈Ij+1
b¯(ual)
−1
−
∑
b∈Ij+1
c(ub − v2, Pj,j+1 + λj − λj+1)
b¯(ub − v2)
c¯(ub − v1, Pj,j+1)
b¯(ub − v1)
∏
l∈Ij+1
6=b
b¯(ubl)
−1
∏
k∈Ij
b¯(ukb)
−1
 ξI . (B.10)
In the RHS of (B.5), noting ∆′(n−1)(hj,j+1)ξI = (λj − λj+1)ξI we obtain
K+j (1/w2)K
+
j+1(1/w2)
−1 c¯(−v12, Pj,j+1)
b¯(−v12)
ξI
=
c¯(−v12, Pj,j+1)
b¯(−v12)
∏
a∈Ij
b¯(ua − v2)
−1
∏
b∈Ij+1
b¯(v2 − ub)
−1ξI , (B.11)
K+j+1(1/w1)
−1K+j (1/w1)
c¯(−v12, (P +∆
′(n−1)(h))j,j+1)
b¯(−v12)
ξI
=
c¯(−v12, Pj,j+1 + λj − λj+1)
b¯(−v12)
∏
a∈Ij
b¯(ua − v1)
−1
∏
b∈Ij+1
b¯(v1 − ub)
−1ξI . (B.12)
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Hence
LHS− RHS =
∑
a∈Ij
c(ua,2, Pj,j+1 + λj − λj+1)
b¯(ua,2)
c¯(ua,1, Pj,j+1)
b¯(ua,1)
∏
k∈Ij
6=a
b¯(uka)
−1
∏
l∈Ij+1
b¯(ual)
−1
−
∑
b∈Ij+1
c(ub,2, Pj,j+1 + λj − λj+1))
b¯(ub,2)
c¯(ub,1, Pj,j+1)
b¯(ub,1)
∏
k∈Ij
b¯(ukb)
−1
∏
l∈Ij+1
6=b
b¯(ubl)
−1
−
c¯(−v12, Pj,j+1)
b¯(−v12)
∏
a∈Ij
b¯(ua,2)
−1
∏
b∈Ij+1
b¯(−ub,2)
−1
+
c¯(−v12, Pj,j+1 + λj − λj+1))
b¯(−v12)
∏
a∈Ij
b¯(ua,1)
−1
∏
b∈Ij+1
b¯(−ub,1)
−1
 ξI , (B.13)
where we set uc,i = uc − vi (c = a, b, i = 1, 2). For a ∈ Ij let us regard (· · · ) in the RHS as a
function of ua and denote it by F (ua). It is not so hard to find
F (ua + r) = F (ua), F (ua + rτ) = e
− 2πi
r F (ua)
and all the residues at the poles ua = v1, v2, uk, ul (k ∈ Ij, k 6= a, l ∈ Ij+1) vanish. Hence F (ua)
should be identically zero, because F (ua)[ua]/[ua +1] becomes a order 1 elliptic function unless
F (−1) = 0.
C A Direct Check of Corollary 4.8 for (2.33) at k = 0
In this section we give a direct check that the action of the elliptic currents in Corollary 4.8
satisfies (2.33). We start from the following partial fraction expansion formula, which can be
obtained from (4.2) in [47] by changing the multiplicative notation to the additive one and
setting t = v, bk = uk − 1 (k = 1, · · · ,m), bl = al+1 (l = m+1, · · · , n) and bn+1 = v+2m−n.
Lemma C.1.
m∏
k=1
[v − uk + 1]
[v − uk]
n∏
l=m+1
[v − ul − 1]
[v − ul]
=
n∑
a=1
[v − ua + 2m− n]
[2m− n][v − ua]
∏m
k=1[ua − uk + 1]
∏n
l=m+1[ua − ul − 1]∏n
j=1
6=a
[ua − uj ]
. (C.1)
Let us denote the LHS of (C.1) by F (v). Then
Res
v=ua
F (v)dv =
1
[0]′
∏m
k=1[ua − uk + 1]
∏n
l=m+1[ua − ul − 1]∏n
j=1
6=a
[ua − uj]
.
Then from (4.14), we obtain
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Lemma C.2.
F (v)|+ − F (v)|− =
n∑
a=1
δ(za/w) Res
v=ua
F (v)dv,
where za = q
2ua , w = q2v.
Now let us check the relation (2.33).
1) the cases |i − j| > 1 and i = j + 1: It is obvious that (I
′a)b
′
= (Ib
′
)
′a, ∀a ∈ Ij, ∀b ∈ Ii+1.
Hence [Ei(1/w1), Fj(1/w2)]ξI = 0.
2) the case i = j − 1: It is easy to show (I
′a)b
′
= (Ib
′
)
′a, ∀a, b ∈ Ij, (a 6= b). Then
Ej−1(q
j−N/w1)Fj(q
j−N+1/w2)ξI = Ce
Qαj−1
∑
a,b∈Ij
a 6=b
δ(za/w2)δ(zb/w1)
∏
k∈Ij
6=a
b¯(uka)
−1
∏
l∈(I
′a)j
6=b
b¯(ubl)
−1ξ(I′a)b′ ,
whereas
Fj(q
j−N+1/w2)Ej−1(q
j−N/w1)ξI = Ce
Qαj−1
∑
a,b∈Ij
a 6=b
δ(za/w2)δ(zb/w1)
∏
k∈(Ib
′
)j
6=a
b¯(uka)
−1
∏
l∈Ij
6=b
b¯(ubl)
−1ξ(Ib′)′a .
Here we set
C = µµ∗
(
[1]
[0]′
)2
= −
̺
q − q−1
[1]
[0]′
. (C.2)
The last equality follows from (2.38). Noting∏
l∈Ij
6=b
b¯(ubl)
−1 = b¯(uba)
−1
∏
l∈(I
′a)j,
6=b
b¯(ubl)
−1,
we obtain [Ej−1(q
j−N/w), Fj(q
j−N+1/w)]ξI = 0.
3) the case i = j: We have
Ej(q
j−N+1/w1)Fj(q
j−N+1/w2)ξI
= Ce−Qαj
∑
a∈Ij
∑
b∈Ij+1
δ(za/w2)δ(zb/w1)
∏
k∈Ij
6=a
b¯(uka)
−1
∏
l∈Ij+1
6=b
b¯(ubl)
−1 × b¯(ub,a)
−1ξ(I′a)b′
+
∑
a∈Ij
δ(za/w2)δ(za/w1)
∏
k∈Ij
6=a
b¯(uka)
−1
∏
l∈Ij+1
b¯(ual)
−1ξI
 , (C.3)
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whereas
Fj(q
j−N+1/w2)Ej(q
j−N+1/w1)ξI
= Ce−Qαj
∑
a∈Ij
∑
b∈Ij+1
δ(za/w2)δ(zb/w1)
∏
k∈Ij
6=a
b¯(uka)
−1
∏
l∈Ij+1
6=b
b¯(ubl)
−1 × b¯(ub,a)
−1ξ(Ib′ )′a
+
∑
b∈Ij+1
δ(zb/w2)δ(zb/w1)
∏
k∈Ij
b¯(ukb)
−1
∏
l∈Ij+1
6=b
b¯(ual)
−1ξI
 . (C.4)
Since (I
′a)b
′
= (Ib
′
)
′a ∀a ∈ Ij,∀b ∈ Ij+1, the first terms in (C.3) and (C.4) coincide each other.
Hence we obtain
[Ej(q
j−N+1/w1), Fj(q
j−N+1/w2)]ξI
= Ce−Qαj
∑
a∈Ij
δ(za/w2)δ(za/w1)
∏
k∈Ij
6=a
b¯(uka)
−1
∏
l∈Ij+1
b¯(ual)
−1
−
∑
b∈Ij+1
δ(zb/w2)δ(zb/w1)
∏
k∈Ij
b¯(ukb)
−1
∏
l∈Ij+1
6=b
b¯(ual)
−1
 ξI . (C.5)
Let us set the eigenvalue of H+j (q
j−N+1/w) on ξI by ̺hj(v) with ̺ in (2.38) i.e.
hj(v) =
∏
k∈Ij
[uk − v + 1]
[uk − v]
∏
l∈Ij+1
[ul − v − 1]
[ul − v]
.
Then we have for a ∈ Ij and b ∈ Ij+1,∏
k∈Ij
6=a
b¯(uka)
−1
∏
l∈Ij+1
b¯(ual)
−1 = −
[0]′
[1]
Res
v=ua
hj(v)dv,
∏
k∈Ij
b¯(ukb)
−1
∏
l∈Ij+1
6=b
b¯(ual)
−1 =
[0]′
[1]
Res
v=ub
hj(v)dv.
Therefore one can write (C.5) as
[Ej(q
j/w1), Fj(q
j/w2)]ξI = −
[0]′C
[1]
e−Qαj δ(w1/w2)
∑
c∈Ij∪Ij+1
δ(zc/w1) Res
v=uc
hj(v)dv ξI . (C.6)
Then from Lemma C.2 and (C.2), we obtain the desired formula.
[Ej(q
j−N+1/w1), Fj(q
j−N+1/w2)]ξI =
̺
q − q−1
δ(w1/w2) (hj(v)|+ − hj(v)|−) ξI
=
1
q − q−1
δ(w1/w2)
(
H+j (q
j−N+1/w1)−H
−
j (q
j−N+1/w1)
)
ξI .
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[31] H. Konno, Elliptic Quantum Group Uq,p(ŝl2), Hopf Algebroid Structure and Elliptic Hy-
pergoemetric Series, J. Geom. Phys. 59 (2009) 1485-1511.
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